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Abstract A claw-free graph G(V, E ) is said to be basic if there exists a match¬ 
ing MCE whose edges are strongly bisimplicial and such that each connected 
component C of G — M is either a clique or a {claw, net}-free graph or satisfies 
a(G[C \ V(M)]) < 3. The Maximum Weight Stable Set (MWSS) Problem in a 
basic claw-free graph can be easily solved by first solving at most four MWSS 
problems in each connected component of G — M in C9(|P| 2 log(|P|)) time ([7,8]) 
and then solving the MWSS Problem on a suitable line graph constructed from 
G in 0{\V\ 2 log(|P|)) time. In this paper we show that, by means of lifting oper¬ 
ations, every claw-free graph G(V,E) can be transformed, in 0(\V\ 2 ) time, into 
a basic claw-free graph G(V,E) such that |y| = C>(|1/|) and a MWSS of G can 
be obtained from a MWSS of G. This shows that the complexity of solving the 
MWSS Problem in a claw-free graph G(V,E ) is C?(|P| 2 log(|W|)), the same as in 
line graphs. 

Keywords claw-free graphs • quasi-line graphs • stable set ■ matching 


1 Introduction 

The Maximum Weight Stable Set (MWSS) Problem in a graph G(V, E) with node¬ 
weight function w : V —> 5ft asks for a maximum weight subset of pairwise non- 
adjacent nodes. The Maximum Weight Matching Problem is a special case of the 
Maximum Weight Stable Set Problem. In fact, the former can be transformed into 
the latter in a very specific class of graphs: the line graphs. The line graph of a 
graph G(V , E) is the graph L(G) with node set E and edges ef for each pair {e, /} 
of edges of E incident to the same node. A graph G is a line graph if and only if 
there exists a graph H (the root graph of G) with the property that L(H) = G. 
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In [1] Faenza, Oriolo and Stauffer describe a (D(|y|(|.E| + |V|log(|y|)) algorithm 
to solve the MWSS Problem in claw-free graphs. Their algorithm is based on the 
decomposition of the graph G(V,E) obtained by splitting ( ungluing ) articulation 
cliques, producing a family of strips, solving the MWSS Problem on each strip, 
replacing the strips by simple “gadgets” and, finally, re-assembling the gadgets to 
produce a line graph H with the property that any MWSS of H “corresponds” to 
(and can be easily turned into) a MWSS of G. In their algorithm, several steps have 
a bottleneck time complexity of C>(| W||£7|). In particular, in the case of quasi-line 
graphs, finding the articulation cliques, producing the decomposition and solving 
the MWSS Problem in the {claw, net}-free strips and in the strips with stability 
number at most three has a worst-case complexity of 0(|V||.E|). 

In this paper we solve the MWSS problem on claw-free graphs by using an anal¬ 
ogous decomposition. In particular, we introduce new ideas which allow a more 
efficient implementation of the procedure. First, we construct a special stable set 
S of G(V,E) which is used to guide the decomposition task; second, we do the 
splitting on a proper superset of the family of articulation cliques, that we call 
weakly normal cliques, and can be more easily determined; third, we make use of 
the concept of “lifting” to manage in a simpler way the decomposition process. 
We show that, with such modifications, the complexity of decomposing G(V,E), 
constructing the “gadgets” and re-assembling the (line) graph H is dominated by 
the solution of the weighted matching problem in the root graph of H, thus pro¬ 
viding a 0(\V\ 2 log(|I/|)) time algorithm to solve the maximum weight stable set 
problem in a claw-free graph. This result is, in some sense, the best possible since 
it aligns the complexity of the maximum weight stable set problem in claw-free 
and line graphs. 


For each graph G( V, E) we denote by V ( F ) the set of end-nodes of the edges 
in F C E, by E(W) the set of edges with end-nodes in W C V and by N(W) 
(neighborhood of W) the set of nodes in V \ W adjacent to some node in W. If 
W = {in} we simply write N(u>). We denote by iV[IF] and N[w] the sets N(W)GW 
and N{w ) U {in} and by 5(W) the set of edges having exactly one end-node in W; 
if 5{W ) = 0 and W is minimal with this property we say that W is (or induces) 
a connected component of G. We denote by G — F the subgraph of G obtained 
by removing from G the edges in F C E. A clique is a complete subgraph of G 
induced by some set of nodes K C V. With a little abuse of notation we also 
regard the set K as a clique and, for any edge uv E E , both uv and {u, t>} are 
said to be a clique. A node w such that N(w) is a clique is said to be simplicial. 
By extension, a clique K such that N(K) is a clique is also said to be simplicial. 
A claw is a graph with four nodes w, x, y, z with w adjacent to x , y, z and x, y, z 
mutually non-adjacent. To highlight its structure, it is denoted as (w : x,y,z). A 
Pk is a (chordless) path induced by k nodes ui, M 2 ,..., Uk and will be denoted as 
(«i,..., itfc). A subset T E V is null ( universal ) to a subset W C V \ T if and 
only if N(T ) fl W = 0 ( N(T ) n W = W). Two nodes u, v E V are said to be 
twins if N(u) \ {u} = N(v) \ {u}. We can always remove a twin from V without 
affecting the value of the optimal MWSS. In fact, if uv E E we can remove the 
twin with minimum weight, while if uv ^ E we can remove u and replace w{v ) 
by w(u) + w(v). The complexity of removing all the twins is C?(|F| 2 ) ([3]) and 
hence we assume throughout the paper that our graphs have no twins. A paw 
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( x , y : z, h) is a graph induced by two edges xy and zh with z universal and h null 
to {x,y}. A net ( x,y,z : x',y',z') is a graph induced by a triangle T = {x,y,z} 
and three stable nodes {x',y',z'} with N(x') fl T = {.t}, N(y') (IT = {y} and 
N(z') nr = {z}. 

We say that a node v G V is regular if its neighborhood can be partitioned into 
two cliques. A graph G(V, E) is quasi-line if all of its nodes are regular. Each 
line graph is a quasi-line graph and each quasi-line graph is a claw-free graph. A 
5 -wheel W$ = (v : vi,...,vs) is a graph consisting of a 5- hole R = {-Pi,... ,^ 5 } 
called rim of W 5 and the node v ( hub of W 5 ) adjacent to every node of R. 


2 Wings and similarity classes 

Let S' be a stable set of G(V,E). Any node s E S is said to be stable ; any node 
v E V \ S satisfies \N(v) fl S| < 2 and is called superfree if \N(v) (~l S| = 0, free if 
\N(v) PI S| = 1 and bound if \N(v) fl S| = 2. For each free node u we denote by 
S(u) the unique node in S adjacent to u. Observe that, by claw-freeness, a bound 
node b cannot be adjacent to a node u E V \ S unless b and u have a common 
neighbor in S. 

We denote by Fg(t ) the set of free nodes with respect to S which are adjacent to 
some node t E S. A node z E Fg(t) is said to be an outer node for t if there exists 
a free node x adjacent to z and to a node q G S \ {f}; the set of outer nodes for t 
is denoted by Os(t). Every node of Fs(t) which is not an outer node is said to be 
an inner node for f; the set of inner nodes for t is denoted by Is(t). To simplify 
our notation we will omit the reference to S when it is clear from the context. 

A bound-wing defined by {s, t} C S is the set W B (s, t ) = {u EV\S:N(u)C\S = 
{s, t}}. A free-wing defined by the ordered pair (s, t) ( s , t G S) is the set W F (s, t) = 
{u G F(s) : N(u) fl F(t) / 0}. Observe that, by claw-freeness, any bound node 
is contained in a single bound-wing. On the other hand, a free node can belong 
to several free-wings. Moreover, while W B (s,t) = W B (t,s), we have W F (s,t) 
W F (t,s). By slightly generalizing the definition due to Minty [6], we call wing 
defined by (s,t) ( s,t G S) the set W(s,t) = W B (s,t) U W F (s,t) U W F (t,s). 
Observe that W(s,t) = W(t,s). The nodes s and t are said to be the extrema of 
the wing W(s,t). 

A node s G S is said to be k-winged if s defines wings with k distinct nodes 
si, S 2 , ■ ■ ■, Sk G S. The number of wings defined by s is also said to be the wing 
number of s and denoted by k s . For each regular node s G S, the set JV[s] can 
be covered by two maximal cliques, say C s and C s . For each wing W(s,t) defined 
by a regular node s G S, let C s (t) = C s fl W(s,t) and C s (t) = C s fl W(s,t). We 
call C s (t) and C s (t) the partial wings defined by t in C s and C s ■ For each node 
s G S we regard the sets C s (s ) = {s} U (7(s) fl C s ) and C s (s) = {s} U (7(s) fl C s ) 
as degenerate partial wings. Observe that both C s and C s are partitioned into 
partial wings. Moreover, each bound node u is contained in at most four, possibly 
coincident, partial wings (namely C s (t),Ct(s), C s (t), Ct(s) where s and t are stable 
nodes adjacent to u) and each free node u is contained in at most two partial 
wings (possibly coincident and/or degenerate). This implies that the total number 
of partial wings is C7(|F|). 
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Following Schrijver [9] we say that two nodes u and v in V \ S are similar [u ~ v) 
if N(u)CiS = N(v)C\S and dissimilar (it ^ v) otherwise. Clearly, similarity induces 
an equivalence relation on V \ S and a partition in similarity classes. Similarity 
classes can be bound, free or superfree in that they are entirely composed by nodes 
that are bound, free or superfree with respect to S. Bound similarity classes are 
precisely the bound-wings defined by pairs of nodes of S, while each free similarity 
class contains the (free) nodes adjacent to the same node of S. Let Vp be the set 
of nodes that are free with respect to S and let Gf(Vf,Ef) be the graph with 
edge-set Ef = { uv G E : u, v G Vf , u v} ( free dissimilarity graph). 

Definition 21 Let G(V,E) be a claw-free graph, S a maximal stable set in G and 
Gf the free dissimilarity graph of G with respect to S. A connected component 
of Gf inducing a maximal clique in G is said to be a free component of G with 
respect to S. The family of the free components of G with respect to S is denoted 
by E{S). □ 

Observe that the fact that a free component is a maximal clique implies that it 
intersects at least two free similarity classes and hence contains at least two nodes. 
The next theorem has been proved in [8]. 

Theorem 21 [8] Let G(V,E) be a claw-free graph and S a maximal stable set of 
G. Then a connected component of Gf intersecting three or more free similarity 
classes induces a maximal clique in G and hence is a free component. □ 

Theorem 22 Let G(V,E) be a claw-free graph and S a maximal stable set of G. 
A node u G V \ S belongs to at most one wing if and only if it does not belong to 
any free component intersecting three or more similarity classes. 

Proof. Let u be a node in V \ S and assume first that it belongs to some free 
component C intersecting three or more similarity classes. Let s = S[u) and 
let s ', s" / s be two nodes in S adjacent to C. Then u belongs to the wings 
W (s, s') and W ( s , s”). Assume now that u does not belong to any free component 
intersecting three or more similarity classes. If u is a bound node, then it obviously 
belongs to a unique wing. On the other hand, if u is a free node belonging to two 
different wings, then there exist two free nodes, say x and y, adjacent to u and with 
S(u) ytz S(x) ^ S(y) / S(u). It follows that it, x and y belong to three different 
similarity classes, a contradiction. □ 


3 Normal and weakly normal cliques 

Definition 31 [8] A maximal clique Q in a graph G(V, E) is said to be bisimplicial 
if N(Q) is partitioned into two cliques K i, A' 2 . The clique Q is said to be strongly 
bisimplicial if AT is null to K 2 - □ 

A maximal clique Q is reducible if a(N(Q)) < 2. If Q is a maximal clique, two 
non-adjacent nodes u, v G N(Q) are said to be Q-distant if N(u) 0 N(v) fl Q = 0 
and Q-close otherwise ( N(u ) fl N(v) fl Q ^ 0). A maximal clique Q is normal if 
it has three independent neighbors that are mutually Q-distant. In [4] Lovasz and 
Plummer proved the following useful properties of a maximal clique in a claw-free 
graph. 
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Proposition 31 [4] Let G(V,E) be a claw-free graph. If Q is a maximal clique in 

G then: 

(i) if u and v are Q-close then Q C N(u) U N(v); 

(ii) if u,v,w are mutually non-adjacent nodes in N(Q) and two of them are Q- 
distant then any two of them are Q-distant; 

(iii) if u,v,w are mutually non-adjacent nodes in N(Q) and z G N(Q) is not 
adjacent to u then u and z are Q-distant; 

(iv) if Q is normal and u and v are Q-close then each node x G N(u) fl N(v) fl Q 
is the hub of a 5-wheel. 

□ 


The next theorem states a new property of normal cliques. 

Theorem 31 Let G(V, E) be a claw-free graph and u a regular node in V whose 
closed neighborhood is covered by two non-empty maximal cliques Q and Q. Then 
Q is normal if and only if there exist two Q-distant nodes i,jG N{Q ) \ N(u) and 
a node z G Q\Q null to { x , y}. 

Proof. If x, y G 7V(Q) \ N (it) are Q-distant and there exist a node 2 G Q \ Q null to 
{x, y} then, by (ii) of Proposition 31, we have that x,y,z are mutually Q-distant 
and hence that Q is normal. Suppose now that Q is normal and let x , y, z be three 
Q-distant nodes in N(Q). Assume, without loss of generality, that x, y ^ N(u). If 2 
belongs to Q the theorem follows. So, assume that z ^ Q and hence that z ^ N(u). 
If N(x) U N(y) 2 Q\Q the theorem follows. So, assume that N(x) U N(y) 2 Q\Q 
and hence, without loss of generality, that there exists a node t G Q \ Q which 
is adjacent to x and not adjacent to y (otherwise (t : x,y,u) would be a claw). 
Observe that the node t is also non-adjacent to 2 (otherwise ( t : x , z, u) would be 
a claw). But then the nodes y and 2 are Q-distant and have the property that 
N(x) U N(z) 2 Q \ Q and again the theorem follows. □ 

Property (iv) of Proposition 31 implies that in a claw-free graph a normal clique 
either contains the hub of a 5-wheel or has the property that every two non- 
adjacent nodes in N(Q) are Q-distant. This suggests the following definition. 

Definition 32 A maximal clique Q in a graph G(V, E) is said to be weakly normal 
if every two non-adjacent nodes in N(Q) are Q-distant. □ 

Evidently, a weakly normal clique Q is normal if and only if a(N (Q)) > 3. More¬ 
over, each node u in a weakly normal clique Q is regular since Q and N (u ) \ Q are 
two cliques covering N[u]. 

Theorem 32 Let G(V, E) be a claw-free graph and u a regular node in V whose 
closed neighborhood is covered by two maximal cliques Q and Q. If Q (Q) is not 
reducible then it is normal. 

Proof. Suppose, by contradiction, that Q is not normal and a(N(Q)) > 3. Let 
vi,V 2 ,V 3 be three mutually non-adjacent nodes in N(Q). If u is not adjacent to 
vi,V 2 ,V 3 , then by (i) of Proposition 31 we have that vi,V 2 , V 3 are mutually distant 
with respect to Q and hence Q is normal, a contradiction. Consequently, without 
loss of generality, we can assume that u is adjacent to iq and so V\ belongs to Q. 
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The nodes i >2 and V3 do not belong to Q U Q and hence are not adjacent to u. 
It follows, again by (i) of Proposition 31, that V2 and V3 are distant with respect 
to Q. But then, by (ii) of Proposition 31, the three nodes fi, U 2 , V 3 are mutually 
distant (with respect to Q) and again Q is a normal clique, a contradiction. □ 

Since, by (iv) of Proposition 31, a normal clique in a quasi-line graph is weakly 
normal we have also the following. 

Corollary 31 In a quasi-line graph G(V, E), a clique Q is normal if and only if 
it is non-reducible and weakly normal. □ 

Lemma 31 Let G(V, E) be a quasi-line graph and Q a strongly bisimplicial clique 
with N(Q) covered by the non-empty and disjoint cliques AT and K 2 , null to each 
other. If AT = AT U (N(Ki) n Q) (AT = AT U (IV(AT) n Q)) is a clique then it is 
also weakly normal. 

Proof. By symmetry it is sufficient to prove the result for AT, assuming it is a 
clique. First observe that AT is a maximal clique. Now suppose, by contradiction, 
that there exist two non-adjacent nodes x,y in N(Ki) adjacent to some node 
z G AT- The node 2 : belongs to AT, since otherwise both x and y would belong 
to N(Q) \ AT = AT, a contradiction. Let u be any node in Q D N(K\). It follows 
that x,y jL N{u) and hence (z : x,y,u) is a claw in G, a contradiction. □ 

Observe that the notion of articulation clique , defined by Faenza et al. ([1]), is 
strictly related to the notions of normal clique (called net clique in [1]) and weakly 
normal clique. In particular, in a quasi-line graph the class of normal cliques is 
properly contained in the class of articulation cliques which, in turn, is properly 
contained in the class of weakly normal cliques. Also the lifting operation described 
in the next section is related to the “ungluing” operation of articulation cliques 
introduced by Faenza et al. in [1] where is proved that the list of articulation 
cliques of a quasi-line graph G(V, E) and the ungluing of each one of them can 
be performed in 0(|y||£j) time. In what follows, we will show how to construct, 
in C>(|P| 2 ) time, a list of weakly normal cliques containing all the normal cliques 
(but not necessarily all the articulation cliques) and lift, again in 0(\V\ 2 ) time, 
each one of them. 


4 Lifting operation 

Definition 41 Let G(V, E) be a connected graph, Q a maximal clique in G and 
K. = {AT, AT, ■ ■ ■, K p } a partition of Q. The graph Gobtained by removing 
all the edges connecting different sets in K., adding a clique {g l5 ... ,q }, a stable 
set {qi ,..., q p } and new edges qfq i and qtt for each t G AT (i = 1,... ,p) is said 
to be the lifting of Q in G with respect to K.. The family K. is said to be a lifting 
partition, the clique {<T,..., q p } is said to be the lifting clique and the edges qiq i 
(i = 1,... ,p) are said to be lifting edges. □ 

Observe that the lifting edges qlq i (* = 1,.. .p) define a matching in G^’ K ) and 
are strongly bisimplicial cliques. 

The next theorem shows that the lifting operation does not turn a clique which is 
not weakly normal into a weakly normal one. 
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Theorem 41 Let G(V,E) be a graph, Q a clique in G and K. a partition of Q. 
Then any maximal clique belonging both to G and to Gwhich is weakly normal 
in G (QX) 

is also weakly normal in G. 

Proof. By contradiction, assume that there exists a maximal clique Q' belonging 
both to G and to G which is weakly normal in G^’*^ but is not weakly 
normal in G. It follows that in G there exist non-adjacent nodes x,y E N(Q') 
having a common neighbor z E Q' but such a configuration is not preserved in 
q(QX) g; nce ^he lifting operation does not remove nodes nor adds edges connect¬ 
ing previously existing nodes, we have that one of the two edges xz and yz has 
been removed; without loss of generality, assume that x and z are not adjacent 
in G^ ,k ^. It follows that the nodes x and z belong to different sets in /C, say 
x E Kj and z E Kh- But then in G^’*^ qu (the lifting node adjacent to Ky, 
in G^’*^) and y are non-adjacent nodes in N(Q') having the common neighbor 
z E Q', contradicting the assumption that Q' is weakly normal in G^’ K \ The 
theorem follows. □ 

The lifting operation has the property that applying the edge projection [5] to the 
lifting edges qfq i produces the original graph G. The maximum weight stable set 
of G (Q ’ K) is strongly related to the maximum weight stable set of G (for suitably 
chosen weight vectors). 

Definition 42 Let G(V, E ) be a graph with node weighting w E 5R V . Let K, (\K\ = 
p > 2) be a partition of a maximal clique Q in G and G^ ,1C \V, E) the lifting 
of Q in G with respect to K. and let qfq i (i = 1 ,...,p) be the lifting edges. Let 
wm > max„ € v'{w(r)}. The vector with w^’ K \v) = w(v) for each node 

v E V and w(q t ) = (qf) = wm (i = 1,... ,p) is said to be the extension 

of w in G^’^. □ 

Theorem 42 Let G(V,E) be a graph with node weighting w E 5ft y . Let 1C = 
{A'i,..., K p } (p > 2) be a partition of a maximal clique Q in G and G (<3 ’^ (V, E) 
the lifting of Q in G with respect to K. and let qjq 2 (i = 1,... ,p) be the lifting edges. 
Let S* be a maximum weight stable set in G^’^ with respect to the extension 
vjtQ’K) 0 f w . Then S*n{q l ,q i } ^ 0 (i = 1,... ,p) and S = S*\{q i ,q i : i = 1,... ,p} 
is a maximum weight stable set in G with respect to w). 

Proof. We have S* fl {qi, qf} i=- 0, otherwise S = (S* \ Ki) U {g,:} would be a stable 
set in G^ ,/c) withw(S') > w(S*), contradicting the optimality of S*. Suppose now 
that S = S* \ {qi,q i : i = 1 ,... ,p} is not a stable set with maximum weight in G 
(w.r.t. w ) and let S be a stable set in G with w(S) > w(S). We have |5 Pi Q\ <1 
and hence S f~l K. t 0 for at most one index i £ {1,... ,p}. Assume, without loss of 
generality, S fl A', = 0 for i = 1,... ,p — 1. But then S = S U {qi,q 2 , ■ ■ ■, q P -i, q p } 
is a stable set in G^ ,/c * with w(S) > w(S*), contradicting its optimality. The 
theorem follows. □ 

In general the lifting operation does not preserve specific structural properties. A 
line graph can be lifted into a non-line graph and the lifting of a claw-free graph 
could well contain one or more claws. We are interested in cases in which the 
lifting operation preserves some structural property. In particular we would like to 
characterize the cliques whose lifting turns claw-free graphs into claw-free graphs. 
To this purpose, we first need few more definitions. 
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Definition 43 Let Q be a maximal clique in G. A Q -paw of G is a paw ( x, y : z,h) 
with x,y G Q and z,h £ Q. The pair x, y is said to be the base of the Q-paw. □ 

Definition 44 A maximal clique Q is liftable in G if there exists a non-trivial 
partition ('lifting partition,) K. = {A'i, K 2 ,..., K p } (p > 2) of Q with the following 
properties: 

(i) Q is weakly normal; 

(ii) no pair of nodes x G Ki, y G Kj (i j, Ki, Kj G K.) is the base of a Q-paw; 

(iii) no triple of nodes x G Ki, y G Kj, z G K t (i y^ j y^ t y^ i, Ki,Kj,K t & 1C) 

have a common neighbor in N(Q). □ 

We are now ready to state the sought for characterization of maximal cliques whose 
lifting preserves claw-freeness. 

Theorem 43 Let G(V, E) be a claw-free graph, Q a maximal clique in G and 
JC = {Ki, K 2 , ■ ■ ■, K p } a lifting partition of Q. The lifting G^ ,IC \V, E) with lifting 
edges qiq i (i = 1,... ,p) is a claw-free graph if and only if Q is liftable with respect 
to K. 

Proof. The “only if” part of the proof is trivial: in fact, if two non-adjacent nodes 
x, y Q have a common neighbor h G Q then (h : x, y, qi) (where Ki is the subset 
of Q containing h) is a claw in G ) < 3 ,/c ); on the other hand, if there exists a node 
h. fnQ adjacent to a node x G Ki, a node y G Kj ( K; y^ Kj G /C) and a node 
z Q such that xz (f E and yz £ E, we have that (h : x, y, z) is a claw in G . 
Finally, if there exists a triple of nodes x G Ki, y G Kj, z G Kt (i ^ j ^ t ^ i, 
Ki, Kj, Kt G K.) having a common neighbor h G N(Q), we have that (h : x,y,z) 
is a claw in G^' lc ' 1 . 

To prove the “if” part of the theorem, assume by contradiction that G(QW 
contains a claw (h : x,y,z) and let Q be the lifting clique {<?]., •••,<?„}• Since 
both N(qi) and N(q t ) (i = 1 ,...,p) are partitioned in two cliques, we have 
h £ {qi,q l ■ i = 1,..., p}. Consequently, x, y, z do not belong to Q. So, two cases 
are possible: either (a) there exists and index i G {1,... ,p} such that qt G {x, y, z} 
or (b) qi {h,x,y,z} for every i G {1,... ,p}. 

(a) In this case, we can assume, without loss of generality, qi = x. Since h is not q i , 
we have h. G Ki. Moreover, since xy and xz do not belong to E, we have y,z £ Ki 
and, since hy and hz belong to E, we also have y,z (f Q \ Ki. Finally, we have 
yz ^ E, since the only edges removed by the lifting operation are those with both 
ends in Q. But then y and z are two non-adjacent nodes in V\Q having a common 
neighbor (h) in Q, contradicting property (i) of Definition 44. 

(b) In this case, all the edges of the claw are also edges in E. Hence, since G is 

claw-free, two of the nodes in {x, y, zj are adjacent in G. Without loss of generality, 
assume xy G E, x G Ki and y G Kj (i j). We have h (f Q, since both h.x and 
hy belong to E. If also z does not belong to Q, then xz, yz £ E (since only edges 
with both ends in Q are removed by the lifting operation) and hence h violates 
property (ii) of Definition 44. If, conversely, z G Q, since xz,yz (f E, we have 
z G K t with t i,j. But then h violates property (iii) of Definition 44. The 
theorem follows. □ 

The following two theorems show that by lifting liftable cliques we also preserve 
the property of being {claw, 5-wheel}-free and quasi-line. 
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Theorem 44 Let G(V , E ) be a claw-free graph and Q a liftable clique in G with 
respect to 1C = {Ki,K 2 , ■.., K p }. If G is 5-wheel-free then the lifting G^ ,1C> (V, E) 
is 5-wheel-free. 

Proof. The graph G ^’*'- 1 is claw-free by Theorem 43. Suppose, by contradiction, 
that there exists a 5-wheel W = (vo : vi,...,vs) in G^ ,lc \ We first observe 
that, for each i G {1,... , p}, the lifting nodes qi and q i have the property that 
Ki = N(qi)\{q i } is null to Q = N(qf) \{<p} in G ^ ,IC ^. It is now easy to check that 
if both qi and q i belong to W then they have a common neighbor (a contradiction) 
while if only one of them belongs to W then either Ki or Q is not a clique (again a 
contradiction). It follows that W fl {g,, q i } = 0 for each i G {1,..., p} and that any 
edge in E with both end-nodes in W also belongs to E. Since W does not induce 
a 5-wheel in G, there exists an edge, say V 1 V 3 in E\E. Without loss of generality, 
we can assume v\ G Ki and V 3 G Kj (i / j) and hence qiV i G E and qjV 3 G E. 
Observe now that V 2 belongs neither to A, (being adjacent to V 3 G Kj) nor to Kj 
(being adjacent to iq G Ki). It follows that V 2 is non-adjacent to both q t and qj 
in G^’ K) . But then, by claw-freeness of G^' K \ the nodes qi and qj are adjacent, 
respectively, to V 5 and V 4 . This implies V 5 G Ki and V 4 G Kj, contradicting the 
fact that the edge V 4 V 5 belongs to E. □ 

Theorem 45 Let G(V, E) be a quasi-line graph and Q a liftable clique in G with 
respect to K. = {A'i, A' 2 ,..., K p }. Then the lifting G^’*^ {V, E) is quasi-line. 

Proof. The result is trivial if cr(G) = 1. In the other cases we have a(G^' K ^) > 
a(G) > 2 and the theorem follows from Theorem 43, Theorem 44 and the afore¬ 
mentioned result by Fouquet [2], □ 

In [ 8 ] we introduced the notion of canonical stable set of G and showed how to 
produce it in time 0(y/\E\ |V|). 

Definition 45 [ 8 ] Let G(V,E) be a connected claw-free graph. A maximal stable 
set S of G is said to be canonical if and only if G does not contain: 

(i) an augmenting P 3 with respect to S; 

(ii) a free node x with N(x) D N(S(x)) \ {a;} (dominating free node/ □ 

Theorem 46 [ 8 ] Let G(V, E) be a claw-free graph and So a maximal stable set of 
G. Then a canonical stable set can be obtained from So in time G(y / |A||y|). □ 

Definition 46 Let G(V, E) be a graph and let M C E be a matching of G. A clique 
Q of G is said to be matched by M or an M-clique if and only if 0 ^ 8 (Q) C M. 

□ 

Definition 47 Let G(V, E) be a claw-free graph. A matching M is said to be 
canonical if (i) each edge uv G M is a strongly bisimplicial clique and (ii) either 
IV[u] or N[v] is an M-clique. A canonical matching M is said to be an S'-matching 
if for each edge uv G M we have |{u,v} D <Sj = 1 (uv is saturated by S). □ 

Definition 48 Let G(V, E) be a claw-free graph, S a canonical stable set of G, 
M C E an S-matching and Q a liftable clique of G with respect to a lifting partition 
K, = {A’i, A' 2 , • • •, K p }. Let be the lifting of Q with respect to K. and let 

qpfi (i = 1, ■ ■ .p) be the lifting edges. We let: 
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- S (QX) :=S U {qi : AT n S = 0} U {q, : AT n S ± 0}; 

- M W ’ K) := M U {q,q, : i = 1, . . .p}. 

The sets S iQX) and M {QX) are said to be the extensions of S and M, respectively, 
inG (QX) . □ 

By construction, the extension M^ x ^ of M is an giQ.K)- ma tchmg in G {Q ’ k) . 
The following theorem shows that S^ x ^ is a canonical stable set in G^ x \ 

Theorem 47 Let G(V, E) be a claw-free graph and S a canonical stable set of 
G. Let Q be a liftable clique of G with respect to a lifting partition 1C. Then the 
extension S^ x ^ of S is a canonical stable set of the graph G^ x ' ) obtained from 
G by lifting the clique Q with respect to 1C. 

Proof. Let K. = {Ki, AT, ■ ■ ■, K p } and let qiq i (i = 1,... p) be the lifting edges. Let 
Q = {q lt ..., q p } and observe that either Q contains a node s E S or every node 
in Q is free. In fact, if Q contains a bound node x with N(x) fl S = {s,t} then 
the hypothesis that Q is liftable (and hence weakly normal) implies that either s 
or t belongs to Q. Consider first the case Q <1 S = 9) and observe that any node 
in Ki ( i E {1,... , p}) belongs to the set of free nodes in G with respect to S and 
becomes bound in G^ x ^ with respect to S^ x \ Moreover, the nodes in Q are 
free with respect to S(Q x \ Suppose that ( u,s,v ) is an augmenting P 3 in G^ x ^ 
with respect to S^ X K We have s / q, (i E {1,... ,p}), since q, is the unique 
free node with respect to S^ x ^ which is adjacent to q x in G^ x \ It follows that 
the nodes u,s,v belong to G, s is a stable node in S and u,v are free nodes in 
G with respect to S. Since S is canonical in G we have uv G E and hence the 
edge uv has been removed by the lifting operation. But this is impossible since 
the end-nodes of each edge removed by the lifting operation belong to different 
sets of K, and are bound in G^ x ^ with respect to S^ x \ It follows that there 
exists no augmenting P 3 in G^ x ^ with respect to S^ X K Suppose now that x is 
a dominating free node in G^ x ^ adjacent to a node s E S^ x \ We have x (f Q 
and s ^ qi (i E {1,... ,p}), so both x and s belong to G, s is a stable node in S 
and a; is a free node in G with respect to S. Since x is not dominating in G with 
respect to S, we have that there exists a node x which is adjacent to s and not 
adjacent to x in G. The node x is not adjacent to s in G^ x \ so the edge sx has 
been removed by the lifting operation. But this is impossible since both end-nodes 
of each edge removed by the lifting operation are free in G with respect to S. 

To complete the proof, consider now the case in which Q fl S ^ 0 and assume that 
t is the unique node in Q fl S. Without loss of generality, we can assume t E AT. 
Observe that any node that is free, bound or stable in G with respect to S is also 
free, bound or, respectively, stable in G^ x ^ with respect to S^ x \ Moreover the 
nodes {q 1 ,q 2 , ■ ■ ■ ,q P } belong to S^ x ^ while the nodes {qi,q 2 , ■ ■ ■ ,q p } are bound 
in G < ' ( ^ x ^ with respect to S^ x f Suppose that ( u,s,v ) is an augmenting P 3 in 
G«’ K ) with respect to S We have s ^ (* 6 {l,...,p}). It follows 

that the nodes u, s, v belong to G, s is a stable node in S and u, v are free nodes 
in G with respect to S. Since S is canonical in G we have uv E E and hence the 
edge uv has been removed by the lifting operation. It follows that the nodes u, v 
belong to different sets of JC. Moreover, s coincides with t , since this is the only 
node in S adjacent to the free nodes in Q. But this is impossible since one of the 
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edges ut, vt would also have been removed by the lifting operation. It follows that 
there exists no augmenting P 3 in G^ ,lc ^ with respect to S^’^. Suppose now 
that cc is a dominating free node in G(QF) adjacent to a node s G w e 

have a :,s £ {qiPi} (* £ {1,... ,p}) so both x and s belong to G, s is a stable 
node in S and £ is a free node in G with respect to S. Since x is not dominating 
in G with respect to S, we have that there exists a node x which is adjacent to 
s and not adjacent to x in G. The node x is not adjacent to s in G^’ K ’\ so the 
edge sx has been removed by the lifting operation. Hence, we have s,x G Q and 
x Q. Moreover, s coincides with t since this is the only node in SC\Q. The nodes 
s,x belong to different sets of JC. Assume, without loss of generality, s G A', and 
x G Kj. But then g, is adjacent to s and non-adjacent to x in G^ ,lc \ contradicting 
the fact that x is dominating. The theorem follows. □ 

Let G(V, E) be a claw-free graph with node weighting w, S a canonical stable set 
of G and MCE an 5-matching. Let G, 5, M and w be the graph, stable set, 5- 
nratching and weight vector obtained after a sequence of liftings and corresponding 
extensions from G, 5, M and w, respectively. In the following, with a little abuse 
of notation, we will say that 5, M and w are the extensions of S, M and w in G. 


5 5-cover and free components 

Definition 51 Let G(V,E) be a claw-free graph and S a canonical stable set of 
G. For each regular node s G S let C s and C s be maximal cliques covering 7V[s]. 
The family C(S) = {(C a , C s ) : s G S, s regular } is said to be an 5-cover of G. □ 

With a little abuse of notation, we also say that some clique C belongs to an 
5-cover C(S) if C G {C S ,C S } for some pair (C S ,C S ) G C(S). Let F(S) be the 
family of free components with respect to the canonical stable set S, as defined in 
Definition 21. When no confusion arises we simply write C and F instead of C(S) 
and F(S). 

Theorem 51 Let G(V,E) be a claw-free graph and S a canonical stable set of G. 
Let C and T be an S-cover and the family of free components of G, respectively. 
Then each node u G V is contained in at most four cliques of C U T . 

Proof. First observe that the only cliques in C U T containing a regular stable 
node u are C u , C u G C while no clique in C U T contains an irregular stable node. 
Moreover, the only cliques in CU T possibly containing a bound node u G W(s,t) 
are C s ,C s ,Ct, Ct and, finally, each free node u G F(s) belongs to at most one free 
component and to at most two cliques in C (namely C s , C s ). □ 

Theorem 52 Let G(V,E) be a claw-free graph and S a canonical stable set of G. 
Then an S-cover C and the family T of G can be constructed in | 2 ) time. 

Proof. We first show that an 5-cover C can be constructed in 0(\V\ 2 ). In fact, for 
each s G 5, in 0(|A(s)| 2 ) time we can either find two maximal cliques covering 
N(s) or conclude that s is not regular. Moreover, since each node v G V is adjacent 
to at most two nodes in S, we have ^2 seS l J ^( s )| 2 — 4|W| 2 . As to P, observe that 
in G(\E\) time we can construct the set F(S) of free nodes with respect to S and 
partition F(S) into free similarity classes. In turn, this allows us to construct in 
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0(\E\) time the free dissimilarity graph of G and hence, in 0(|H| 2 ) time, the list 
of the connected components of such a graph which are cliques. Finally, again in 
C>(|H| 2 ) time, we can remove from such a list the cliques which are not maximal. 

□ 

Theorem 53 Let G(V , E) be a claw-free graph, S a canonical stable set of G and 
T the family of the free components of G with respect to S. A weakly normal clique 
Q of G either belongs to T or contains a regular stable node s. Moreover, if Q is 
normal then AT[s] is uniquely covered by two maximal cliques one of which is Q 
and, consequently, Q belongs to every S-cover of G. 

Proof. Since Q is weakly normal, for each node v G Q we have that N[v] \ Q is a 
clique (each node in Q is regular). Moreover, if Q is normal then N[v] is uniquely 
covered by two maximal cliques one of which is Q ([1]). Suppose that Q is a soft 
clique and that there exists two maximal cliques H and K covering N[v] and 
different from Q and Q = IV [i>] \ Q. Let Qh = Q fl H and Qk = Q n K and 
let h G H \ Q and k G K \Q. The nodes h and k exist since H.K / Q and 
belong to Q \ Q. Moreover, since Q is maximal, there exist nodes, h,k G Q that 
are non-adjacent to h and k, respectively. But then, for each node y G Qh \ {u} 
the pair {v, y} is universal to the stable pair {h, h} and for each node y G Qk \ {u} 
the pair {v,y} is universal to the stable pair {k, k}. It follows that, for each node 
y G Q \ {v}, the edge vy is rigid contradicting the assumption that Q is soft in G. 
Hence, we can conclude that if Q contains a stable node s then s is regular and, 
if Q is normal or soft in G, then A’[,s] is uniquely covered by two maximal cliques 
one of which is Q. 

Assume now that Q fl S = 0 and suppose, by contradiction, that there exists a 
bound node v G Q. Let W(s,t) be the wing containing v. Both s and t belong to 
N ( Q ) and are adjacent to the node v G Q. But this contradicts the assumption that 
Q is weakly normal, since s and t are non-adjacent. It follows that Q contains only 
free nodes, each one of them adjacent to some node in S, so S' = N(Q) fl S ^ 0. 
We have that S' contains at least two nodes, since otherwise the unique node 
in S' would be universal to Q, contradicting its maximality. It follows that Q is 
contained in some connected component C of Gf- If C is a clique, then Q = C 
belongs to T and the theorem follows. Otherwise there exists a node x & C \ Q 
adjacent to some dissimilar node y G Q. But then x and S(y) are non-adjacent 
nodes in N(y) \ Q, contradicting the assumption that Q is weakly normal. □ 


6 Lifting soft cliques: from claw-free to quasi-line 

Definition 61 Let G(V,E) be a graph. An edge uv G E is rigid if both u and v 
are adjacent to two non-adjacent nodes x and y. Let Eh C E be the set of rigid 
edges of G. The graph Gh(V,Eh) is said to be the rigid structure of G and an 
induced subgraph G[U] (U C VJ is said to be rigid in G if Gh[U] is connected, soft 
in G otherwise. □ 

Theorem 61 Let G(V, E ) be a graph. A maximal clique Q which is soft in G 
is liftable with respect to the partition of Q ( rigid partition ) into the connected 
components KL = {K \, K - 2 ,..., K p } (p >2) of Gr [Q\ ■ 




An 0(n 2 log(n)) algorithm for the weighted stable set problem in claw-free graphs 


13 


Proof. Suppose that property (i) of Definition 44 is not satisfied and there exist 
two non-adjacent nodes u,v £ N(Q) with a common neighbor z £ Q. Let u and 
v be nodes in Q non-adjacent to u and v, respectively. By claw freeness, each 
node y e Q \ { z } is adjacent either to u or to v and hence the edge yz is rigid 
since y and z are adjacent either to {u,u} or to {v,v}. It follows that Gr[Q\ is 
connected contradicting the hypothesis that Q is not rigid in G. Suppose now that 
property (ii) is not satisfied and let x £ K, , y £ Kj (i ^ j, Ki,K 3 £ 1C) be the 
base of a Q- paw (x, y : z,h). Let z be a node in Q non-adjacent to z. But then xy 
is rigid since both x and y are universal to {z, z}, a contradiction. Finally, suppose 
that property (in) is not satisfied and let x £ Ki, y £ Kj, z £ Kt {i ^ j ^ t / i, 
Ki, Kj , Kt £ JC) be nodes with a common neighbor z in N(Q). Let z be a node 
in Q non-adjacent to 0 . But then xy is rigid since both x and y are universal to 
{z, z}, a contradiction. □ 

We are now going to show that the family of maximal soft cliques in a claw free 
graph contains C?(|V|) elements and that all such cliques can be successively lifted 
in 0(|I4| 2 ) time, producing a lifted graph Gl and a canonical S- matching Ml with 
the property that each irregular node of G is contained in a shrinkable component 
C of Gl with a(C) < 3. As a consequence, by shrinking all the shrinkable com¬ 
ponents with stability number at most three we will be able to turn the claw-free 
graph Gl into a quasi-line graph Gql- Let us start by proving that a claw-free 
graph G contains (D(|V|) maximal soft cliques. 

Theorem 62 Let G(V, E) be a claw-free graph, S a canonical stable set of G, C 
any S-cover of G and T the family of the free components of G with respect to S. 
Then a maximal soft clique Q belongs to C U T. 

Proof. By Theorem 61, a maximal soft clique Q is liftable and hence weakly normal. 
It follows, by Theorem 53, that either Q belongs to T or it contains a regular node 
v £ S. In the second case suppose, by contradiction that Q does not belong to 
C and hence that there exist two maximal cliques H and K covering N[v] and 
different from Q and Q , with Q any maximal clique containing N[v] \ Q. Let 
Qh = Q n H and Qk = QClK and let h £ H \ Q and k £ K\ Q. The nodes h and 
k exist since H, K ^ Q and belong to Q \ Q. Moreover, since Q is maximal, there 
exist nodes, h,k £ Q that are non-adjacent to h and k, respectively. But then, for 
each node y £ Qh \ {v} the pair {w, y} is universal to the stable pair {h, h} and 
for each node y £ Qk \ {u} the pair {v,y} is universal to the stable pair {fc, k}. 
It follows that, for each node y £ Q \ {u}, the edge vy is rigid contradicting the 
assumption that Q is soft in G. □ 

In the next theorem we prove that the family of all the maximal soft cliques can 
be constructed in 0(|I4| 2 ) time. 

Theorem 63 Let G(V,E) be a claw-free graph and S a canonical stable set of 
G. The family S of maximal soft cliques of G along with the corresponding rigid 
partitions can be constructed in 0(|I4| 2 ) time. 

Proof. By Theorem 53 the maximal soft cliques of G belong to C U T, where C is 
any S'-cover of G and T is the family of the free components of G with respect to 
S. By Theorem 52 C U T can be constructed in 0(|I4| 2 ) time; moreover observe 
that CUT contains £>(|V|) elements. Then, in overall time 0(\V\ 2 ), we construct 
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the list {C u ■ u G V}, where C u is the family of cliques in C U T containing the 
node u. Observe that, by Theorem 51, \C U \ < 4. 

For each node u G V and each clique Q G C U T \ C u let Root[u , Q\ be a node in 
Q adjacent to u (if any). Moreover, for each clique Q G C U T, let Gq{Q,Eq) be 
the spanning subgraph of G[Q] with xy G Eq if and only if there exists a node 
u G N(Q) satisfying x = Root[u, Q] and y G N(u) D Q. We have the following: 

Claim (i). The matrix Root)-,-] and the graphs Gq (Q G CU T) can he computed 
in 0(\V\ 2 ) time. 

Proof. Initialize the graphs Gq by letting, for each Q G C U T, Eq = 0. Now, 
for each edge uv G E, each clique Q u G C u \ C v and each clique Q" G C v \ Cu 
let Root[u,Q v } := v and Root,[v, Q u ] := u. Finally, for each node u G V, scan 
the nodes v G N(u) and for each Q G C v add to Eq the edge (v, Root[u, Q]) (if 
v Root[u, Q}). Evidently the above procedure produces the matrix Root]-, ■] and 
the graphs Gq in overall time 0(\V\ 2 ). 

End of Claim (i). 

Claim (ii). For each Q G CUE the graph Gq is connected if and only if Q is rigid. 
Proof. First observe that each edge xy G Eq is rigid. In fact, there exist a node 
u G N(Q) with x = Root[u,Q] and y G N(u) (~l Q. Moreover, since Q is maximal, 
there exists a node u G Q which is not adjacent to u (and adjacent to both x 
and y). It follows that Q is rigid if Gq is connected. Suppose now that Gq is not 
connected and let (Ki ,..., K p ) be the connected components of Gq. We claim 
that Q is soft with lifting partition (K i,..., K p ). Suppose not and let xy G E be 
a rigid edge with x G Ki and y G Kj (1 < i < j < p). Let u = Root[u, Q], Since 
X U & Eq , u x,y. But then the edges xu and yu belong to Eq and so x and y 
are connected, contradicting the assumption. 

End of Claim (ii). 

To complete the proof observe that in 0(|E| 2 ) time we can list the connected 
components of the graphs Gq for each Q G CUT and produce the family S of the 
soft cliques of G along with the corresponding lifting partitions. □ 

Theorem 64 Let G(V , E) he a graph and let Q be a maximal soft clique in 
G. Let Gbe the lifting of Q in G with respect to the rigid partition K. = 
{AT, K 2 , ■ ■ ■, Kp). Let M = {qiqi : i = 1,.. .p} be the set of lifting edges. Then 
any edge with at least one end-node in V(M) is soft in G^'^ and an edge uv G E 
is rigid in G^ an y on iy ^ rigid in G. 

Proof. Observe that, as a consequence of the fact that the lifting edges are bisim- 
plicial, any edge in with at least one end-node in V{M) is soft. Hence, only 

the edges in E can possibly be rigid in G^El Assume that some edge uv G E 
changes its status after the lifting of Q with respect to JC. 

First, assume that uv is not rigid in G and rigid in G^'^ and let x,y be non- 
adjacent nodes in G^ ,lc ^ which are universal to {u,v}. If the edge xy have been 
removed by the lifting then we have x G A, and y G Kj for some pair of sets 
Ki, Kj G K, (i / j). But then we have u Q, otherwise either ux or uy (or both) 
would have been removed by the lifting. Let u G Q be a node non-adjacent to u. 
We have that u, u is a pair of non-adjacent nodes in G universal to {x,y}, so xy 
is a rigid edge in G, contradicting the assumption that K. is the rigid partition of 
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Q. It follows that xy is not an edge of G. As a consequence, one node in {x, y} 
must be a lifting node, otherwise uv would have been rigid also in G. Assume that 
x = qi is the lifting node universal to Ki G JC. Hence, we have {u, w} C Ki and, 
since there is only one lifting node adjacent to Ki (namely x) and y is non-adjacent 
to x, the node y belongs to V \ Q. Let y be any node in Q non-adjacent to y. We 
have that {y,y} is a pair of non-adjacent nodes in G universal to {tt, u}, so uv is 
a rigid edge in G, contradicting the assumption. Hence, we can conclude that any 
edge which is rigid in G^ ,lc ^ is also rigid in G. 

Assume now that uv is not rigid in G^ ,lc ^ and rigid in G and let x,y be non- 
adjacent nodes in G which are universal to { u , ?;}. Since {x, y} C V and the lifting 
does not add any edge with both end-nodes in V, we have that some edge in 
{xu,xv,yu,yv} is removed by the lifting. Assume that xu is removed. It follows 
that we have x G Ki and u G Kj for some pair of sets Ki, Kj G K, (i ^ j). Assume 
that v does not belong to Q and let v be any node in Q non-adjacent to v. We 
have that (i), -D} is a pair of non-adjacent nodes universal to xu, contradicting the 
assumption that 1C is the rigid partition of Q. It follows that v belongs to Q and in 
particular, since the edge uv is not removed by the lifting, v G Kj. Moreover, since 
xy does not belong to E, we have y ^ Q. Let q-j be the lifting node universal to Kj 
in G We have that {qj,y} is a pair of non-adjacent nodes in un i versa i 

to uv, contradicting the assumption that uv is soft in G^ ,lc \ The theorem follows. 

□ 

Lemma 61 Let G(V, E) be a graph and let Q be a maximal soft clique in G. Let 
q(QX) fj e nfti n g of Q in G with respect to the rigid partition 1C. Then any 
subset H / Q of V is a soft maximal clique of G anc [ on iy if n j s a so ft 
maximal clique ofG. 

Proof. Let K, = {K i, K 2 , ■ ■ ■, K p } (p > 2), let (g l5 ... ,q p } be the corresponding 
lifting clique and let (i = 1,... ,p) be the lifting edges. Let H ^ Q be a subset 
of V. We claim that H is a maximal clique in G if and only if it is a maximal clique 
in G W,IC) . In fact, assume that H is a maximal clique in G and not in G^'^. 
Since the lifting operation only adds edges with one end-node in Q and H is not 
a subset of Q we have that H is not a clique in G^ ,lc \ Let uv be an edge with 
{m,u} C Q H H removed by the lifting operation (uv is a soft edge). Since Q and 
H are maximal cliques in G we have that there exist a node z in Q \ \u, i>} and a 
node z in H \ {u, v} such that zz f. E. It follows that uv is a rigid edge in G, a 
contradiction. Consequently, H is a maximal clique also in G^ ,lc \ Assume now 
that H is a maximal clique in G. Observe that H\Q / 0, otherwise we would 
have H C Ki for some i G {1,... ,p}, contradicting the maximality of H. If H is 
not a maximal clique in G, there exists a node z which is universal to H in G and 
is not adjacent to a node u G H in G^’ K \ It follows that {z,u} is a subset of 
Q and zu is a soft edge in G. Let tibea node in H \ Q and v a node in Q with 
vv <f E. But then {v,u} is universal to {z,u} contradicting the assumption that 
zu is soft in G. Hence, H is a maximal clique in G if and only if it is a maximal 
clique in G^'^. Moreover, by Theorem 64, every edge in H is soft in G(QE) jf 
and only if it is soft in G. Hence, H is a soft maximal clique of G^’^ if and only 
if it is a soft maximal clique of G. The theorem follows. □ 

Let S = {Qi,... ,Qt} be the family of maximal soft cliques of G. The above 
lemma shows that we can lift in any order the cliques in S obtaining a graph Gl 
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and a canonical matching AIl- In the following lemma we are going to prove some 
important properties of Gl- 

Lemma 62 Let G(V,E) be a claw-free graph. Then in d(|L| 2 ) time we can con¬ 
struct the graph Gl and the canonical matching Ml- Moreover, (i) every maximal 
clique in Gl — V(Ml) is rigid and (ii) two nodes in V(Ml) are adjacent if and 
only if they are either matched by AIl or both belong to an ML-clique. 

Proof. By Theorem 64, the rigid structures of the graphs G and Gl are essentially 
the same (the latter is obtained by adding the nodes in V(Ml) as isolated nodes 
to the former). Since Gl is obtained by lifting all the maximal soft cliques in G, 
it follows easily that any maximal clique in Gl — V(Ml) is rigid. 

Let it, v be nodes in V(Ml). If they are matched by Ml or belong to an Ml~ 
clique then obviously they are adjacent. On the other hand, if both u and v are 
produced by lifting some clique Q and are adjacent then they define a lifting edge 
or belong to the lifting clique. Assume, conversely, that u and v are produced 
by two different liftings and are adjacent. Without loss of generality, assume that 
node u is produced before node v and that v and the edge uv are produced by 
lifting some clique Q in an intermediate graph G. It follows that Q in G contains 
u, but this contradicts the assumption that Gl has been obtained by lifting only 
cliques belonging to G. It follows that u and v are adjacent if and only if they 
are produced by the same lifting and either define a lifting edge or belong to the 
lifting clique. 

By Theorem 63 we construct in 0(\V\ 2 ) time the list S = {Qi, ■ ■ ■, Qt} of maximal 
soft cliques in G and the corresponding rigid partitions K-i = {Kn,..., Ki Pi } 
(i = 1 ,...,t). Each clique Qi £ S can be lifted in 0(\Qi\ 2 ) time. Moreover, if a 
node u £ V belongs to three cliques in S, say Qi, Qj and Qh, we have that it also 
belongs to three members of the corresponding rigid partitions K-i, ICj and K-h- 
Without loss of generality, assume u £ Kn fl Kj\ HK^i and let qn, qj\ and q^i be 
the lifting nodes universal to such sets. But then u is adjacent in Gl to the nodes 
qil, qj i and qh i which are produced by the lifting of three distinct cliques and 
hence, by property (ii), mutually non-adjacent. But this contradicts the fact that 
Gl is claw-free. It follows that any node in V belongs to at most two cliques of 
the list and hence the overall complexity of the lifting procedure is 0(\V\ 2 ) time. 
The theorem follows. □ 

Theorem 65 Let G(V, E) be a connected claw-free graph with ct(G)) > 4 and M C 
E a canonical matching ofG. If (i) every maximal clique ofG — V(M) is rigid and 
(ii) two nodes u, v £ V (M) are adjacent if and only if they are either matched by M 
or both belong to an M-clique, then every irregular node vo belongs to a connected 
component C of the graph G — M with \C fl V(AI)\ < 2 and a(G[C \ V (M)]) < 3. 

Proof. If vo is an irregular node then it is the hub of a 5-wheel (vo : Vi ,..., V 5 ) 
in G ([2]). Let R = {iq,..., v$} be its rim. For each i = 1,..., 5, let U% = {« : 
N(u) fl R = {t),,ni+i}} (sums taken modulo 5) and U = U i= i 5 ^*- c l aw_ 
freeness, U t is a clique for each i £ {1,..., 5} and each node in N 2 (R) is adjacent 
to some node in U. Let Ui = {u £ Ui : N(u) fl N 2 (R) / 0 and U = Ui-i 5 Ui- 
Evidently, N(U) \ N[R] = N 2 (R). 
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Let C be the connected component of G — M containing the node vo■ Since every 
node in an M-clique is regular, C is not an M-clique. Since every edge vo Vi (i = 
1,..., 5) is rigid and every edge i yz is rigid for each z G N(R) with N(z) fl R = 
{vi-i, Vi, Vi-\. i}, we have that all the nodes of N[R\\U belong to the rigid subgraph 
containing vo■ Since the edges in 5(C) belong to M and are not rigid, N[R] \ U 
belong to C. We have two cases: (a) either Ui or Ui+i is empty for each i = 1,..., 5; 
(b) both Ui and £/*+1 are non-empty for some i = 1,..., 5. In both cases we show 
that \C n V(M )| < 2 and C \ V(M) C N[R\, implying a(G[C \ V(M)\) < 3. 

Case (1). Either Ui or Ui+i is empty for each i = 1,..., 5. 

If U is empty then V = 7V[.R] and a(G ) = 3, contradicting the hypothesis. Hence, 
without loss of generality, we can assume U\ 7 / 0. By assumption we have Ui = 
U 5 = 0. Moreover, C /3 and C /4 cannot be both non-empty so, again without loss of 
generality, assume C /4 = 0. 

Let X = CV[x] n/V[t>i] nAT[t> 2 ] for some x G U\. Analogously, let Y = N[y] fiAC^a] fl 
IV [ 1 ) 4 ] for some y G C /3 (Y empty if U 3 =0). 

Claim (l.i). X and Y are maximal cliques and U C XU Y. 

Proof. Observe first that any node x' G U\ \ { x } is adjacent to x, otherwise 
(iq : vo,x,x') would be a claw. It follows that we have Ui C C/i C X and, by a 
similar argument, t /3 C Y. Since C /2 = C /4 = C /5 = 0, we have U CIUF. Assume 
now, by contradiction, that X is not a clique and contains two non-adjacent nodes 
2 and z'. Let x be a node in N(x) fl N 2 (R). Since x is adjacent to every node in X 
we have z / x / z ', zx G E and z'x G E. We have that either 2 or z' is adjacent 
to x (otherwise (x : z, z', x) would be a claw). Assume, without loss of generality, 
zx G E. We have zv 3 E (otherwise (z : vi,V 3 ,x) would be a claw) and 2:115 E 
(otherwise (z : V 2 ,V 5 ,x) would be a claw). It follows that z' is adjacent to both 
i >3 and V 5 (otherwise either (vi : z,z',v 3 ) or (vi : z,z',v 5 ) would be a claw). But 
then (z' : x,V 3 ,vs) is a claw in G, a contradiction. Hence X is a clique and, by a 
similar argument, Y is a clique. Moreover, X and Y are maximal, since any node 
not in X is not universal to {x, vi,vi} Cl and any node not in Y is not universal 
to {y, 113 , 114 } C Y. 

End of Claim (l.i). 

Let Vi = N[R] \ U,Vi = V\Vi, let X* = V, D X and let Yi = V ,n Y (i = 1,2). 
Since U\ is non-empty we have X 2 7 / 0. 

Claim (l.ii). Let u G Vi and v £ Vi be adjacent nodes. Then either u G Xi and 
v G X 2 or u G Y\ and v G Yi. 

Proof. Observe first that v belongs to U. In fact, if v (fc. U we have v () X[i?] 
and hence u £ R. Since u G N(R ), by claw freeness we have \N(u) fl R\ = 2, 
contradicting the assumption that u (j U. By Claim (l.i) and definition of (Cl, V 2 ), 
we have U C X 2 U Yi. Since v belongs to U, it is adjacent to a node t G N 2 (R). 
Assume, without loss of generality, that v belongs to X 2 and hence that N(v)C\R = 
{vi,vi}. Suppose u i X; it follows that u is not in AT[x] fl X[i>i] fl X[i> 2 ] and 
hence u <( {x,vi,vi}. Moreover, u is adjacent to both v\ and vi (otherwise either 
(v : it, t, vi) or (v : u, t , vi) would be a claw) and hence it is not adjacent to x. But 
u is not universal to {v 3 ,vs} (otherwise (u : v,V 3 ,vs) would be a claw) and hence 
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either (vi : u,vs,x) or (02 : u,v 3 ,x) is a claw in G , a contradiction. It follows that 
u belongs to X fl Vi == Xi as claimed. 

End of Claim (l.ii). 

Claim (l.iii). There exists a node z G V(M) such that XdV(M) = X 2 = {z}; ifY 
is non-empty then there exists a node q G V(M) such that Y C\V{M) = Y 2 = {g}. 

Proof. We claim that each edge uv with u G Xi and v G X 2 is not rigid in G. 
Suppose the contrary and let t,t be non-adjacent nodes universal to By 

claw-freeness, either t or t belongs to X. Without loss of generality, we can assume 
t G X. If t belongs to Vi, since v G X 2 and tv G E we have, by Claim (l.ii), 
t G X\. If, conversely, t belongs to V2, since u G Xi and tu G E we have t G X2. 
In both cases t G X, contradicting the assumption ti (f E. It follows that X is 
a soft clique. Since, by hypothesis, every maximal clique in G — V (M) is rigid, 
we have that X contains a node z G V(M). Let z be the node matched to z by 
M. Since zz is strongly bisimplicial, we have that z (( X (otherwise both z and z 
would be adjacent to Vi) and, by Lemma 62, we have that z is not adjacent to a 
node z' G V(M) \ {a}. It follows that X fl V(M) = {z}. We have z G N(R) and 
z (f N(R), hence z G U. It follows that 0 belongs to X 2 and, since X \ V(M) is 
rigid and any edge with an endpoint in A'i and the other in X 2 is not rigid we 
have X \ V(M) = X \ {z} = Xi and X 2 = {z}. Analogously, if Y is non-empty 
then it is a soft clique, contains a unique node q G V ( M ) and has the property 
that Y n V(M) = Y 2 = {q}. 

End of Claim (l.iii). 

Let z be the node matched to z by M and, if Y / 0, let q be the node matched 
to q by M. By the above claims, any path connecting a node u G Vi with a node 
v G V 2 must contain either the edge zz or the edge qq. It follows that V\ U X 2 U Y 2 
is a connected component of G — M and hence coincides with C. 

Claim (l.iv). Each node t G V(M) PI C belongs to U. 

Proof. Let t be the node matched by M to t. Since C = \j U X 2 U Y% = iV[i?], 
we have t G X[J?]. Observe that the neighborhood of any node in V(M) does not 
contain an induced P 3 . Hence, since each node in N[R]\U contains an induced 
Pz in its neighborhood, we have t G U. Finally, since t does not belong to N[R ], 
we have t G U as claimed. 

End of Claim (l.iv). 

By the above claim CC\V(M) C U. On the other hand, by Claims (l.i) and (l.iii), 
U C C (~l V(M), so we have C fl V(M) = U. In particular, we have U = X 2 U Y 2 
and, by Claim (l.iii), X 2 = (A} and Y 2 is either empty or consists of {g} (z ^ q). 
The theorem follows. 

End of Case (1). 

Case (2). Both Ui and Ui +1 are non-empty for some i = 1,..., 5. 

Assume, without loss of generality, that U 3 and U 4 are non-empty and let U\ G U 3 
and U 2 G U 4 . By claw-freeness u\ is adjacent to U 2 in G (otherwise (r >4 : i>o, u\, U 2 ) 
would be a claw) and, consequently, the node-set H = {no,fi,... ,vs,ui,U 2 } in¬ 
duces a gear in G with va hub of the 5-wheel (i >4 : vo, V 3 , ui, U 2 , V 5 ) with rim 
R' = {vo,V 3 ,ui,U 2 ,V 5 }. Observe that the edges U 1 V 4 and U 2 V 4 are rigid, so u\ 
and U 2 belong to the rigid subgraph containing 114 and hence to C. 
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Let T = {x e N(H) : \N(x) n H\ = 2 and T = {x G T : N(x) \ N[H} ± 0. By 
claw-freeness, every node u G N 2 (H) is adjacent to a node of T. Moreover, since 
G is connected, we have that if T is empty then V = N[H], The following claim 
describes some properties of T. 

Claim (2.i). Each node z G V(M) n N[H] belongs to T and each node u G T 
satisfies either N(u) fl H = {ui,t> 2 } or N(u)P\H = {ui,M 2 }. 

Proof. The fact that each node z G V(M) fl N[H] belongs to T follows from the 
easy observation that the neighborhood of a node z G V ( M ) does not contain an 
induced P3 while, on the contrary, each node in N[H] \ T contains an induced P3. 

To prove that each node x G T satisfies either N(x) fl H = (iq, V 2 } or N(x) fl H = 
{ui , U 2 }, observe that, by claw-freeness, if x belongs to N(R) it must be adjacent 
to at least two consecutive nodes of R. An analogous property holds for R'. Again 
by claw-freeness, x is not adjacent to vo and V 4 since, otherwise, it would be 
adjacent to three consecutive nodes of R or R'. It follows that x is not adjacent to 
V 3 for, otherwise, it should be adjacent to V 2 and u\ contradicting the assumption 
that | 7 V(ar) fl H\ = 2. Analogously, x is not adjacent to vs- It follows that either 
N(x) fl H = {vi, V 2 } or N(x) fl H = {«i, U 2 }. End of Claim (2.i). 

Let A' = N[x] fl AT[ui] fl N[u 2 ] for some x G T fl N(ui) fl N(u 2 ) (A' empty if 
T (~l N(ui) fl N(uf) = 0)- Analogously, let Y = N[y\ fl N[v\] fl AT[ 712 ] for some 
jGT (~l N(yi) (~l N(v 2 ) (Y empty if T D N(vi) D N(v 2 ) = 0). 

Claim (2.ii). X and Y are maximal cliques and TClUb. 

Proof. We first prove that TCA'U Y. Let u be a node in T. By Claim (2.i), we 
have that either N(u) fl H = {v\,V 2 } or N(u) fl H = {«i,U 2 }. It follows that u 
belongs either to A or to Y (not both) and hence that T C X U Y. 

We now prove that X is a maximal clique. Suppose first that both X and Y are 
non-empty and assume, by contradiction, that A' is not a clique and contains two 
non-adjacent nodes z and z . Since x is adjacent to every node in X we have 
z x z ', zx G E and z'x G E. Moreover, x is non-adjacent to R (it is adjacent 
only to u\ and U 2 in H). It follows, by claw-freeness, that z and z are adjacent to 
at most two (consecutive) nodes of R and hence that neither 0 nor z' are adjacent 
to vo (otherwise, again by claw-freeness, they should be adjacent to at least three 
consecutive nodes of R). 

We have that either z or z' must be adjacent to V4 (otherwise (u 1 : z, z\ V4) would 
be a claw) but not both (otherwise ( V4 : z, z ', vq) would be a claw). Moreover, either 
z or z' (but not both, as above) must be adjacent to V 3 (otherwise (in : z,z',v 3 ) 
would be a claw) and V 5 (otherwise (ui : z,z',v 5 ) would be a claw). Assume, 
without loss of generality, that z is adjacent to V 3 and V4 and not adjacent to V 5 
while z' is adjacent to V 5 and not adjacent to V 3 and 114 . The node z is adjacent 
to v\ (otherwise (vs : vi,V4, z') would be a claw) and hence N(z) fl R = { 1 ) 3 , t> 4 } 
and N(z ') fl R = {iq, U 5 }. 

Since Y ^ 0 there exists a node y in TPiN(vi)(1N( 02 )■ Hence N(y)PR. = {vi,V 2 } 
and yv 0 (f E. But then z'y G E (otherwise (vi : y,z',v 0 ) would be a claw) and, 
consequently, (z : y,ui,vs) is a claw in G , a contradiction. 

Suppose now that either X or Y is empty. Assume first that both X and YP\T are 
empty. Each node in N[H] \ is adjacent to u\ and U 2 and belongs to A'. Since 
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A' is empty, we have N[H] = Moreover, since T C A U H and A' is empty 

we have that T C T C H and hence T = 0. Consequently, N 2 (H) = N 2 (R) = 0 
and hence V = N[H] = A r [7?]. But then a(G) = 3 contradicting the hypothesis 
that a(G) > 4. Analogously H and Inf cannot be both empty. Since either A 
or Y is empty, we are left with the symmetric cases (1) Y = 0 and Inf ^ 0 
(A / 0) and (2) X = 0 and Y fl T / 0 (Y / 0). We now show that in the first 
case we get a contradiction and omit an analogous proof for the second case. 

Assume, by contradiction, that X is not a clique and contains two non-adjacent 
nodes z and z' (z ^ x z'). We have that U 3 is adjacent either to z or to z' 
(otherwise (mi : z,z',v 3 ) would be a claw). Analogously, V 5 is adjacent either to 
z or to z' (otherwise (v ,2 ■ z,z',v 5 ) would be a claw). Moreover, z is not adjacent 
to both V 3 and U 5 (otherwise (z : x,V 3 ,vs) would be a claw). A similar argument 
shows that z' is not adjacent to both V 3 and U 5 . Hence, without loss of generality, 
we can assume zv 3 £ E and zv 5 £ E. 

Let i be a node in X fl T. Observe that N(x) fl R' = {mi, M 2 }, in particular x is 
non-adjacent to V 3 and 115 so z / i / z'. If zx E we have zv 3 £ E (otherwise 
(mi : x,V 3 ,z) would be a claw) and zv 5 £ E (otherwise (m 2 : x,vs,z) would be a 
claw). But then (z : x,V 3 ,vs) is a claw, a contradiction. It follows zx £ E and, by 
a similar argument, z x £ E. 

Let q be a node in N(x) fl N 2 [H], We have that either zq or z'q belongs to E 
(otherwise (x : q, z, z') would be a claw). But if zq £ E then (z : M 2 , M 3 , q) is a claw 
and if z'q £ E then (z' : mi, vs, q) is a claw. In both cases we have a contradiction. 

We have thus proved that X is a clique. Since each node which does not belong 
to X is non-adjacent to either x or mi or M 2 it is also maximal. An analogous 
argument shows that Y is a maximal clique. End of Claim (2.ii). 

LetHi = N[H] \T,V 2 = V\Vi and let A* = H n A and H = Vi n Y for i = 1, 2. 
If T is non-empty then either A 2 or H 2 (or both) are non-empty. 

Claim (2.in). Let u £ Hi and v £ H 2 be adjacent nodes. Then either u £ Ai and 
v £ A 2 or u £ Hi and v £ H 2 . 

Proof. Observe first that v belongs to T. In fact, if v T we have v A’[//] and 
hence u H. Since u £ N(H), by claw freeness |IV(u) fl H\ =2, contradicting the 
assumption that u (f T. By Claim (2.ii) we have ICAU7 and, by definition 
of (Hi, H 2 ), we have T C A 2 U H 2 . Since v belongs to T , it is adjacent to a node 
t £ N 2 (H). Assume, without loss of generality, that v belongs to H 2 and hence that 
N(v) fl H = {vi, M 2 }. Suppose u Y, it follows that u £ N[y] fl A[mi] fl AT [M 2 ] and 
hence u ^ {y,v i,M 2 }. Moreover, u is adjacent to both vi and M 2 (otherwise either 
(m : u,t,vi) or (v : u,t, M 2 ) would be a claw) and hence it is not adjacent to y. 
But m is not adjacent to both M 3 and M 5 (otherwise (m : v, M 3 , M 5 ) would be a claw) 
and hence either (mi : m, M 5 ,y) or (v 2 : u,V 3 ,y) is a claw in G, a contradiction. It 
follows that m £ H fl Hi = Hi as claimed. End of Claim (2.in). 

Claim (2.iv). The cliques X and Y are both soft and there exists nodes z, q £ H(M) 
such that X fl V{M) = {z} and Y fl H(M) = {g}. Moreover, X -2 = {z}, Y 2 = {<?} 
and both cliques X \ { z } and Y \ {g} are rigid. 

Proof. We claim that each edge mm with u £ Ai and v £ A 2 is not rigid in G. 
Suppose the contrary and let t,t be non-adjacent nodes universal to {u,v}. We 
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can assume t G X(X) and t G X. If t belongs to Vi we have, by Claim ( 2 .in), 
t G Xi. If, conversely, t belongs to V2 we have t G X2. In both cases t G X, 
contradicting the assumption that t G N(X). It follows that X is a soft clique. 
Since, by hypothesis, every maximal clique in G — V (M) is rigid, we have that X 
contains a node 2 G V(M). Let 3 be the node matched to 2: by M. By Claim ( 2 .i), 
z belongs to T. If 3 belonged to N(H) it should belong, by the same claim, to T, 
contradicting the hypothesis that zz G M and is strongly bisimplicial. It follows 
that 3 ^ N(H) and hence that z G T and 3 G N 2 (H). Moreover, hypothesis, we 
have that 3 is not adjacent to a node z' G V(M) \ {2;} only if both nodes belong 
to an M-clique. Since C is not an M-clique, it follows that X fl V ( M ) = {z} and 
that the clique X \ {z}, which is maximal in G — V{M), is rigid. Since each edge 
uv with 11 G A'i and u G X2 is not rigid we have that X \ {3} = Xi and X2 = {3}. 
Analogously, Y is a soft clique, contains a node q G V (A 1 ) and has the property 
that Y \ {g} is rigid and I2 = {g}. End of Claim ( 2 .iv). 

Claim ( 2 .v). T = T = {g, 3 }. 

Proof. We only prove that T C I X = {3}, the proof that T PI Y = {g} is analogous. 
Let u be a node in (T fl X) \ {3} and let 3 be the node matched to 3 by M. The 
node u is different from 3 since 3 belongs to T. By Claim ( 2 .iv), the clique X \ {3} 
is rigid and hence at least one edge uv with v G X \ T is rigid (both T D {it, 3} 
and X \ T are non-empty). Since uv is rigid, there exist two non-adjacent nodes 
nodes q and q universal to {it, v}. Since both it and v are adjacent to 3 and zz is 
strongly bisimplicial, we have that q,q ^ z. Moreover, since X[ 3 ] \ 3 is a clique, 
we have that either q or q does not belong to N[z\. 

Suppose, without loss of generality, that q ^ X[ 3 ] and hence that q G X(X \ {3}). 
Since v G X\T, we have that v is adjacent to { 3 ,iti,it 2 } and is either adjacent to 
three consecutive nodes of R' (including u\ and 112) or belongs to C/3 U C/4. In the 
first case, by claw-freeness, v is either adjacent to 1)3 or 1)5 but not both (otherwise 
(v : 3, V3, V5) would be a claw). In the second case we have two subcases: either ( 1 ) 
ii G C/3, W3 E E if (otherwise (v : z, 113, g) would be a claw) and W5 £ E (otherwise 
(11 : 11,113,1)5) would be a claw); or ( 2 ) v G C/4, 111)5 G E (otherwise ( v : z,vs,q) 
would be a claw and 111)3 ^ E (otherwise (v : 11,113,115) would be a claw). 

The symmetry of the last two subcases allows us to assume, without loss of gen¬ 
erality, that VV3 G E and 111)5 ^ E. Since qz £ E and 31)3 (f E we have that 
qi’3 G E (otherwise (v : z,V3,q ) would be a claw). It follows that qV5 ^ E (other¬ 
wise (g : 11,113,1)5) would be a claw) and qvi ^ E (otherwise (g : 11,1)3,1)1) would 
be a claw). 

If qvo G E we have, by claw-freeness, that g must be adjacent to three consecutive 
nodes of R. Since g is not adjacent to Hi and 1)5, it must be adjacent to 1)2, 113 and 
1)4. But then (g : 11,112,1)4) is a claw (X(it) fl R = 0 ), a contradiction. It follows 
that guo ^ E. By claw-freeness, g must be adjacent to at least two consecutive 
nodes of R'. Since gi>3 G E and gDo ^ E we have that giti G E. Moreover, we have 
that gi>4 G E (otherwise (iti : g, 3,114) would be a claw) and qu2 G E (otherwise 
(1)4 : g, 112, no) would be a claw). But then (112 : g, 3,1)5) is a claw, a contradiction. 
End of Claim ( 2 . v). 

By Claim ( 2 .iv) X2 = {3} and Y2 = {g} (3 ^ g). Moreover, by Claim ( 2 .v), we 
have that T = T = {g, 3}. It follows that C = Vi U T = Vi U X2 U Y-i = V\ U {3, g} 
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and, consequently, that | C n V(M)\ < 2 and C \ V(M) = Vi = N[H] \ T C N[R]. 
The theorem follows. End of Case ( 2 ). □ 

The above results suggest a procedure for obtaining a quasi-line graph (and corre¬ 
sponding weighting vector) from a claw-free graph G(V, E ) (with a(G) > 4 ) with 
weighting vector w. In fact, we can first list all the maximal soft cliques of G and 
lift them, obtaining a claw-free graph G'(V' , E') together with a canonical match¬ 
ing M and a corresponding weighting vector w . The graph G' and the matching 
M' have the property that every maximal clique of G' — V(M 1 ) is rigid and two 
nodes u, v G V ( M') are adjacent if and only if they are either matched by M' or 
both belong to an Af'-clique. Then we can consider each connected component C 
of G' — V ( M') and, if a{C \ V(M')) < 3 and | V(M') fl C\ < 2 , remove C and the 
connecting edges of M' (together with their end-nodes) from G'. 

Let H be the graph obtained in this way and let Wh be the corresponding weighting 
vector. By Theorem 65 each non-regular node of G' is confined in a component C 
oi G' — V(M') such that a(C\V(M')) < 3 and \V(M')nC\ < 2 . Hence if is quasi¬ 
line. Moreover the above results imply that H and Wh can be obtained in 0 (|y| 2 ) 
time. In the following sections we concentrate on (connected) quasi-line graphs 
and show how to transform them into graphs with an even simpler structure. As 
a consequence we will show that the the MWSS problem in a claw-free graph 
G(V,E) can be solved in 0 (|y| 2 log(|V|)) time. 


7 Lifting free components and 5-liftable cliques: from quasi-line to 
basic quasi-line 

Theorem 71 Let G(V, E ) be a quasi-line graph and S a canonical stable set of 
G. A family C of weakly normal cliques containing all the normal cliques of G can 
be constructed in 0 (\V\ 2 ) time. 

Proof. By Theorem 53 the normal cliques of G belong to C U J 7 , where T is the 
family of the free components of G with respect to S and C is any 5 -cover of G. 
We first let £ = C U T. By Theorem 52 C U T can be constructed in 0 (|y| 2 ) 
time; moreover observe that CUT contains C?(|V|) elements. Then, in overall time 
0 (|y| 2 ), we construct the list {C u '■ u G V}, where C u is the family of cliques in 
C containing the node u and the list {C s t : s,t G S}, where C s t is the family of 
free components in C intersecting only the two similarity classes F(s) and F(t). 
Moreover, again in overall time (H(|V| 2 ), we record for each v G V and each free 
component Q intersecting two similarity classes (Q G C s t) whether v is universal, 
null or neither to Qi = Q fl F(i) (i = s,t ). 

Observe now that each free component in C intersecting three or more free sim¬ 
ilarity classes is normal and, by Corollary 31 , weakly normal. It follows that the 
free components in C which are not weakly normal (and can be removed) intersect 
exactly two similarity classes. The following claim characterizes the weakly normal 
free components intersecting two free similarity classes (equivalently, belonging to 
some wing). 

Claim (i). A free component Q G C s t is not weakly normal if and only if there exists 
a bound node x G W(s, t) adjacent to some node z G Q s and to some node v G Qt 
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and a node y G (JV(s)U N(t))\Q adjacent either to z or to v and non-adjacent to 

x. 

Proof. If there exist a bound node x G W(s,t) and a node y G (N(s) U N(t)) \ Q 
both adjacent to a node z G Q with xy E then Q is trivially not weakly normal. 

On the other hand, if Q is not weakly normal then there exist two nodes x and 
y not in Q having a common neighbor z in Q. Without loss of generality, assume 
z G Qs- Moreover, if both x and y are non-adjacent to some node v G Qt, then 
(z : v, x, y) is a claw, a contradiction. Hence, without loss of generality, we can 
assume that x is adjacent to v. If x is free then either xz or xv is an edge in the 
free dissimilarity graph and x belongs to Q, a contradiction. It follows that x is 
bound and, since it is adjacent to z G F(s) and v G F(t), by claw-freeness it must 
be adjacent to both s and t and so belongs to W(s,t). Now, if y is non-adjacent 
to v then it must be adjacent to s (otherwise (z : s,y,v) would be a claw in G). 
On the other hand, if y is adjacent to v the same argument used for x shows that 
y is a bound node in W(s,t). In both cases y belongs to (. N(s) U N(t)) \ Q and 
the claim follows. 

End of Claim (i). 

Claim (ii). If |£ st | > 2 then a free component Q G £ s t is not weakly normal if and 
only if there exists a bound node x G W(s,t) adjacent to both Q s and Qt- 

Proof. Assume first that Q is not weakly normal. By Claim (i) there exists a bound 
node x G W(s,t) adjacent to some node z G Q s and to some node v G Qt, so the 
claim follows. 

Suppose now that there exists a bound node x G W(s,t) adjacent to a node 
z G Q s and a node v G Qt- Let Q 1 Q be another clique of £ st and let y G Q' be 
a node non-adjacent to x. Such a node exists because, otherwise, Q' would not be 
maximal. Without loss of generality, assume y G Q' s . Since y and z belong to F(s) 
we have that jGQisa common neighbor of x, y G N(Q), hence Q is not weakly 
normal and the claim follows. 

End of Claim (ii). 

Remove now from £ all the free components Q G Cst with \C s t\ > 2 and such that 
there exists a bound node x G W(s,t) adjacent to both Q s and Qt. By Claim (ii), 
we have that C still contains all the weakly normal cliques in C U T. Observe that 
the above eliminations can be carried out in overall time 0(\V\ 2 ). Now, let NSize 
be a matrix such that, for each node u G V and each clique Q G £, NSize[u, Q] is 
the number of nodes in N(u) fl Q. 

Claim (Hi). The matrix NSize[-,-] can be computed in 0(\V\ 2 ) time. 

Proof. Let initialize NSize[u, Q] := 0 for each node uGV and each clique in £ u 
(at most 4 by Theorem 51). Then, for each edge uv G E, each clique Q u G C u 
and each clique Q v G C v (there are at most 8 such cliques), let NSize[u,Q v ] := 
NSize[u,Q v ] + l and NSize[v, Q u ] := NSize[v,Q u ]+ 1. Evidently the computation 
produces the desired matrix and can be carried out in overall time 0(\V\ 2 ). 

End of Claim (in). 

Claim (iv). If Q belongs to £ and u,v G N(Q) are non-adjacent then u and v have 
a common neighbor in Q if and only if NSize[u,Q] + NSize[v, Q] > |Q|. 
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Proof. By claw-freeness two non-adjacent nodes u,v G N(Q) with a common 
neighbor in Q have the property that N({u,v}) D Q and hence that N Size[u, Q] + 
NSize[v,Q\ > |Q|. The converse is obvious. 

End of Claim (iv). 

Now, to complete the construction we have to remove the remaining cliques in C 
which are not weakly normal. In particular, since we have removed from C all the 
free components in C s t with |£ s t| > 2 for each wing W(s,t), each free component 
in C which is not weakly normal is contained in some wing W (s, t) satisfying 
|£ st | = 1. By Claim (i) one such clique Q is not weakly normal if and only if there 
exists a bound node x G W(s, t) and a non-adjacent node y G (N (s)UN (t))\Q with 
a common neighbor in Q. Hence, to remove such cliques we do the following. For 
each bound node x contained in some wing W(s,t) we check whether |£ s t| = 1. If 
this is the case, letting C s t = {Q}, we check whether NSize[x, Q] + NSize[y, Q] > 
\Q\ for some node y G ( N(s ) UN(t)) \Q which is non-adjacent to x. By Claim (iv), 
the non-adjacent nodes x,y G N(Q) have a common neighbor in Q if and only if 
NSize[x, Q] + NSize[y, Q] > \Q\, so by such procedure we can find (and remove 
form C) all the remaining free components which are not weakly normal. Moreover, 
it is easy to observe that the above computations can be carried out in overall time 

0 { |Vf). 

Finally, to remove the cliques in C fl C which are not weakly normal we check, for 
each pair of non-adjacent nodes x, y G V, whether they have a common neighbor 
in some clique Q G C not containing x and y and, in such a case, remove Q from 
C. To assess the complexity of this operation suppose first that both x and y 
are bound and belong, respectively, to the possibly coincident wings W(s,t) and 
W ( u , v). Assume that there exists a clique Q G C containing a common neighbor q 
of x and y. Let 0 be the node in QnS and observe that z is in (s, t, u , u}, otherwise 
( q : x, y, z) would be a claw in G. It follows that Q belongs to one of the pairs 
( C s , Cs), (Ct, Ct), ( C u , C u ), (C v , C v ) and hence for each pair x, y of non-adjacent 
bound nodes we have to test at most eight cliques. Similar arguments show that 
if x and/or y is free then we have to test less than eight cliques. Moreover, by 
Claim (Hi), we can verify that the non-adjacent nodes x, y have a common neighbor 
in Q by checking whether NSize[x, Q] + NSize[y, Q] > |Q|. This implies that the 
overall check can be performed in C7(|y| 2 ) time. □ 

Theorem 72 Let G(V, E ) be a quasi-line graph, S a canonical stable set of G, Q 
a weakly normal clique in G and x,y G Q the base of a Q-paw. Then either 

(a) x and y belong to a common wing W(q , s) and are similar; or 

(b) x and y belong to a common wing W(q,s), one of them is bound, the other is 

free and F(q)\Q is empty; or 

(c) {x,y} = {«, v} with u G S, v bound in W(u,r) with N(r) D N(u) \ Q; or 

(d) {x, y} = {it, u} with u G S, v free in W(u, r) with W{u , r) D N(u) \ Q. 

Proof. Let (x,y : z,h) be the Q-paw whose base is {x,y} and z belongs to N(Q). 
By Theorem 53 either Q belongs to T or belongs to a pair (Q, Q) of maximal 
cliques covering N[s], with s G Q fl S. 

Assume first Q G T so that x and y are free nodes. We have that S fl N(Q) 
contains at least two nodes, since otherwise the unique stable node in N(Q) would 
be universal to Q, contradicting its maximality. If x and y are adjacent to the same 
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stable node q then they belong to the wing W ( q , s), with sGSfl N(Q) \ {q} and 
are similar. It follows that (a) applies and we are done. Hence, by contradiction, 
assume S(x) 7^ S(y). Let s = S(x) and t = S(y). Since Q is weakly normal we 
have tz G E and sz G E. Moreover, ht G E (otherwise (z : h, t, x) would be a claw) 
and hs G E (otherwise (2 : h,s,y) would be a claw). But then (2 : h,s,x,y,t) is a 
5 -wheel, a contradiction. 

Assume now that Q contains a stable node q and let Q be a maximal clique such 
that N[q] C Q U Q. Hence, we let Q = C q and Q = C q . 

Suppose first that q {x, y}. If x, y belong to a common wing and are similar then 
(a) is satisfied and we are done. If x,y belong to a common wing W(q,s) and are 
not similar then one of them, say x, is bound and the other is free. If F(q) \ C q 
is empty, then (b) is satisfied and we are done. If, conversely, F(q) \ C q 7^ 0 , let 
p be a free node in C q \ {g}. Since p belongs to F(q) and S is canonical, p is 
adjacent to y. We have that xp (f: E, otherwise s and p would be non-adjacent 
nodes with a common neighbor x G C q and would contradict the hypothesis that 
C q is weakly normal. It follows that p 7^ 2 (since 2 is adjacent to x) and that 
zp G E, otherwise the non-adjacent nodes 2 and p and their common neighbor 
y G C q would contradict the hypothesis that C q is weakly normal. Analogously, 
zs G E, otherwise the non-adjacent nodes 2 and s and their common neighbor 
x G C q would contradict the hypothesis that C q is weakly normal. Finally, hs G E 
(otherwise (2 : h,s,y) would be a claw) and hp G E (otherwise (2 : h,p, x) would 
be a claw). But then (2 : h,p,y,x, s) is a 5 -wheel, a contradiction. 

If x and y do not belong to a common wing, since N(x) \ C q and N(y) \ C q are 
both non-empty (they contain 2) we have that x and y belong to different wings 
W(q,s) and W(q,t ), respectively, with q / s,t. By symmetry, we have to consider 
three cases: (i) x G N(s) and y G N(t), (ii) x G N(s ) and y N(t), (Hi) x £ N(s) 
and y N(t). 

Case (i). Since C q is weakly normal we have that sz G E and tz G E and, 
consequently, that hs G E (otherwise (2 : y,s,h) would be a claw) and ht G E 
(otherwise (2 : x,t,h) would be a claw). Observe that sy £ E and tx £ E by 
claw-freeness and hence (2 : h,s,x,y,t) is a 5 -wheel in G, a contradiction. 

Case (ii). In this case y is a free node in C q . Since y £ I(q) it belongs to 0 (q) fl C q 
and hence there exists a free node x adjacent to y and t. Observe that xx E 
(otherwise (x : q,s,x) would be a claw). Since C q is weakly normal, we have that 
sz G E and xz G E. Moreover, since y is free and adjacent to q, we have sy £ E 
and hence sh G E, otherwise (2 : s,y,h) would be a claw in G. Finally, hx G E 
(otherwise (2 : x,x,h) would be a claw in G) and sx ^ E (since x is free and 
adjacent to t / s). But then (2 : h, s, x, y, x) is a 5 -wheel in G, a contradiction. 
Case (Hi). In this case both x and y are free nodes. It follows that both x and 
y belong to 0 (q) fl C q and that there exist two free nodes y G N(x) fl N(s) and 
x G N(y) fl N(t). Observe that yytfiE (since y does not belong to the wing 
W(q,s)). If either xx G E or xy G E then the nodes x,y,x,y would belong to the 
same connected component H of the free dissimilarity graph Gf- But H intersects 
the free similarity classes of s, q and t and hence, by Theorem 21 , the nodes x, y, x, y 
induce a clique, contradicting the fact that yy (f E. It follows that xx (f E and 
xy £ E. Since C q is weakly normal we have that xz G E and yz G E. Moreover, 
xh G E (otherwise (2 : h, x, x) would be a claw) and yh G E (otherwise (2 : h, y, y) 
would be a claw). But then (2 : h,y,x,y,x) is a 5 -wheel in G, a contradiction. 
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Consider now the case q G {x, y} and, without loss of generality, let q = x. Since 
y I(x) (it is adjacent to z Q) we have that y belongs to some wing W(x,r). 
Suppose first that y is bound. If N(r) 2 N(x) \Q (c) applies and we are done. 
Otherwise, let p be a node in N(x) \ Q which does not belong to N(r). Since Q 
is weakly normal, we have zr G E and yp (f E (otherwise p and r would be non- 
adjacent nodes in N(Q) with the common neighbor y G Q). It follows that z ^ p, 
zp G E (since Q is weakly normal) and hp G E (otherwise (z : h,p,y) would be 
a claw). Moreover, we have that hr G E (otherwise (z : h,r,x) would be a claw). 
But then (z : h,r,y,x,p) is a 5-wheel in G, a contradiction. 

Suppose now that y is free. If W(x,r) 2 N(x) \Q (d) applies and we are done. 
Otherwise, let p be a node in N(x) \ Q which does not belong to W(x,r). Since 
y G W(x,r), the node y is adjacent to a node y G F(r). If yp G E then p is either a 
bound node adjacent to r or a free node in 0(x). In both cases it would belong to 
W(x,r), contradicting the assumption. It follows that yp £ E and hence yp £ E 
for, otherwise, p and y would be non-adjacent nodes in N(Q) with the common 
neighbor y G Q contradicting the hypothesis that Q is weakly normal. For the 
same reason zy G E and, consequently, hy G E (otherwise (z : x,y,h) would be 
a claw). Moreover, since yp £ E and zy G E we have z ^ p and zp G E (since Q 
is weakly normal). Finally, hp G E (otherwise (z : h,y,p) would be a claw). But 
then (z : h,y,y, x,p) is a 5-wheel in G, a contradiction. The theorem follows. □ 

Theorem 73 Let G(V, E ) be a quasi-line graph and S a canonical stable set of 
G. Then a weakly normal free component Q of G is lift able with respect to the 
partition {N(qi ) PI Q : qi G N(Q) fl S’}. 

Proof. Let 1C = {K\, K 2 ,..., K p }, with Ki = N(qi) fl Q (i G (1,... ,p}. Since Q 
is weakly normal the theorem will follow by showing that also conditions (ii) and 
(in) of Definition 44 are satisfied. Assume first that there exist an edge xy with 
x G Ki, y G Kj (i ^ j, Ki, Kj G 1C) which is the base of a Q-paw (x, y : z,h). Since 
x and y are both free nodes, by Theorem 72 x and y must satisfy Condition (a). 
But this is impossible since S(x) 7 ^ S(y). It follows that condition (ii) is satisfied. 
Assume now that there exists a triangle {x,y, z} with x G Ki, y G Kj, z G K t 
(* / i / ^ Ki, Kj, Kt G 1C) having a common neighbor h G N(Q). Since x, y 
and z are dissimilar, we have h <f {qi, qj, qk}\ moreover, since Q is weakly normal, 
we have hqt G E (otherwise h and qi are non-adjacent nodes in N(Q) having the 
common neighbor x G Q). Analogously, we also have hqj G E and hq t G E. But 
then ( h : qi,qj,qt) is a claw in G, a contradiction. Hence condition (in) is also 
satisfied and the theorem follows. □ 

Definition 71 Let G(V, E) be a quasi-line graph and S a canonical stable set in 
G. Let M C E be an S-matching of G. A lifting Gof G with respect to a 
weakly normal free component Q and partition 1C is said to be a free component 
lifting if and only if Q is not an M-clique and K, = {N(si) HQ : Si G N(Q ) fl S}. 

□ 

Theorem 74 Let G(V,E) be a connected claw-free graph, let S be a canonical 
stable set of G and M C E be an S-matching of G. Let G a f ree component 
lifting of G with respect to Q and 1C and let S^’ K ) be the extension of S. Then any 
weakly normal free component of Gwith respect to S^ ,IC ) which is not the 
lifting clique is a weakly normal free component of G with respect to S while any 
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weakly normal free component of G with respect to S which is not Q is a weakly 
normal free component of with respect to . 

Proof. By Definition 71, Q is not an M-clique and 1C = {N{si)C\Q : Si G N(Q)C\S}. 
Let Q’ be a weakly normal free component in G with respect to S which 
is not the lifting clique. It is easy to see that Qf does not contain lifting nodes. 
Moreover, since by Definition 48 the nodes in K-, = N(si) fl Q are bound with 
respect to S^ ,lc ^ in Qf does not intersect the set Q. Observe that any 

edge added or removed by the lifting operation has the endpoints which are either 
lifting nodes or belong to Q. Consequently, any edge in with one endpoint 

in Q' is also an edge in G. It follows that Q' is a maximal clique in G, contains 
only free nodes with respect to S and satisfies N(Q')nS = N(Q l )r\S^’ K, K Hence, 
Q' is a free component of G with respect to S and, by Theorem 41, is also weakly 
normal in G. 

Assume now that Q' is a weakly normal free component in G with respect to S 
different from Q and, by contradiction, it is not a weakly normal free component in 
q(QX) Observe that Q and Q' have empty intersection and by the same argument 
used above Q' is not adjacent to any lifting node and is a free component in G 
with respect to S^Q.A) p follows that Q' is not weakly normal in G^’*^ and hence 
there exists in G^’*^ two non-adjacent nodes x,y £ Q' with a common neighbor 
z G Q'. Observe that, since Qf is not adjacent to any lifting node, we have i,j G f. 
Moreover, the edges xz and yz are not added by the lifting operation and, since 
Q' is weakly normal in G, x and y are adjacent in G. But then we have (without 
loss of generality) x G N(s i) Pi Q and y G N(s 2 ) O Q. However, since x and z (y 
and z) belong to different components of the free dissimilarity graph of G with 
respect to S, we have x ~ z ~ y contradicting the fact that the nodes in K i are 
dissimilar from the nodes in K -2 ■ The theorem follows. □ 

Definition 72 Let G(V, E ) be a quasi-line graph, S a canonical stable set and Q 
a clique in G containing a stable node q. Then a wing W ( q , r) satisfying W ( q , r) D 
N(q) \ Q and containing two adjacent nodes x G Q \ { 5 } and y G N{q) \Q is said 
to be a polar wing of Q and the stable node r a polar node of Q. □ 

Theorem 75 Let G(V , E) be a quasi-line graph and S a canonical stable set. If 
Q is a weakly normal clique containing a stable node q then there exists at most 
one polar wing of Q. 

Proof. Assume by contradiction that there exist two polar wings W ( q , r) and 
W(q,r') of Q. Since each bound node in N(q)\Q is contained in a single wing, 
we have that each node in N(q)\Q is free. Since W{q, r) is a polar wing of Q , 
we have that there exist two adjacent nodes z £ N(q)\Q and z G Q (~l W(q, r). 
Suppose that z' is a bound node and let t be the stable node in S \ {s} adjacent 
to z'. But then z and t are non-adjacent nodes in N(Q) with a common neighbor 
z' G Q contradicting the assumption that Q is weakly normal. It follows that z' is 
a free node in Q. But then N(z') A N{q) contradicting the assumption that S is 
a canonical stable set. □ 

Definition 73 Let G(V, E) be a quasi-line graph, S a canonical stable set and C 
an S-cover of G. Let C q be a clique in C, let W(q,r ) be the polar wing of C q (if it 
exists) and let W(q,Si ) (si ^ r, i = 1,... ,p) be the non-polar wings intersecting 
C q . Then the partition K, of C q defined as: 
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(i) K = {Cq(si) : i = 1,... ,p} U { C q (r ) U {g} U /(g)} if F(q) \ C q = 0; 

(ii) K = {<?,(*) : * = 1,... ,p} U {(C, fl W F (q, r)) U {g} U /(g), IT B (g, r) fl C q } if 

F(q) \C q 7^ 0; 

is said to be the A-partition of C q . 

Theorem 76 Let G(V, E) be a quasi-line graph, S a canonical stable set and C 
an S-cover of G. Let C q G C be a weakly normal clique not intersecting a normal 
free component. Then C q is liftable with respect to the S-partition 1C. 

Proof. Since C q is weakly normal the theorem will follow by showing that also the 
second and third conditions of Definition 44 are satisfied. Let A, be a set in the 
partition K, of C q . First, we claim that any edge xy with x G A, and y G C q \ Ki 
is not the base of a C^-paw {x,y : z,h). In fact, if Ki = C q {si ) for s z / r, 
i = 1 ,... ,p, then conditions (a) and (b) of Theorem 72 are not satisfied since x 
and y do not belong to the same wing. Moreover, condition (c) of Theorem 72 
is also not satisfied. In fact, otherwise, y = g, each node in N(q) \ C q would be 
bound and would belong to the wing W(q, Si). Moreover, the node h would belong 
to N(q) \ C q and would be adjacent to x, implying that W(q,Si) is the polar 
wing of C q and contradicting the assumption that Si / r. Finally, condition (d) of 
Theorem 72 is also not satisfied since x is neither stable nor free. 

Assume now that A, = C q (r)U{q}Ul(q). Conditions (a) and (b) of Theorem 72 are 
not satisfied since x and y do not belong to the same wing. Moreover, conditions (c) 
and (d) of Theorem 72 are also not satisfied. In fact, otherwise, x = q and each 
node in N(q) \ C q would belong to the wing W(q, Sj) containing y (Sj r). 

Moreover, the node h would belong to N(q) \ C q and would be adjacent to y, 
implying that W(q, Sj ) is the polar wing of C q and contradicting the assumption 
that Sj r. 

Assume now that Ki = C q C I W B (q,r). In this case (case (ii)) F(q) \ C q ^ 0. If 
condition (a) of Theorem 72 were satisfied then x would be a bound node in W (g, r) 
and y would be similar to x. But this is impossible, since y does not belong to 
W B (q,r). Moreover, conditions (b) and (c) of Theorem 72 are not satisfied either, 
since F(q) \ C q is not empty while condition (d) of Theorem 72 is not satisfied 
since x is neither stable nor free. 

Finally, assume that Ki = (C q nlT F (g, r))U{g}U/(g). In this case (again case (ii)) 
F(q) \ C q 0. Condition (a) of Theorem 72 is not satisfied since either x and y 
do not belong to the same wing or they are not similar. Moreover, conditions (b) 
and (c) of Theorem 72 are not satisfied either, since F(q) \ C q is not empty while 
condition (d) of Theorem 72 is not satisfied since y does not belong to W F (q,r) C 
Ki. 

Hence, we have shown that the second condition of Definition 44 is satisfied. To 
complete the proof, we have to show that also the third condition is satisfied. 
Let x G Ki, y G Kj, z G At (i ^ j t / i, Ki,Kj,Kt G /C) be three nodes 
in C q and assume, by contradiction, that they have a common neighbor h in 
N(C q ). If q belongs to A, U Kj U K t assume, without loss of generality, q G Ki. 
In any case, y and z belong to different partial wings C q (sj) and C q (st) (possibly 
r G {sj,st}), respectively. If y is a bound node, let y = Sj, otherwise let y be a 
free node in N(y) fl N(sj). Analogously, let z be either s t (if z is a bound node) 
or a free node in N(z) fl N(st). Observe that y and z are non-adjacent. In fact, 
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this is clear if at least one of them is a stable node; if both y and z are free and 
adjacent then y, z, y , z would belong to a free component intersecting at least three 
similarity classes which, by Theorem 21 would be a normal clique, contradicting 
the assumption that C q does not intersect a normal free component. Moreover, y 
and z are non-adjacent to x. In fact, assume by contradiction yx G E (zx G E). 
If y (z) belongs to S then x and y ( x and z) are a pair of similar bound nodes 
belonging to different sets of the partition 1C. But it is easily seen that this is 
impossible. On the other hand, if y is a free node in N(y) C\N(sj) (z is a free node 
in N(z) ClN(st)) then, contrary to what we proved above, the second condition of 
Definition 44 is violated by the paw (x,y : y,Sj ) ((x,z : z,st)). Finally, since C q 
is weakly normal, y and z are both adjacent to h. But then (h : x, y, z) is a claw 
in G, a contradiction. The theorem follows. □ 

Definition 74 Let G(V, E) be a quasi-line graph and S a canonical stable set in 
G. Let M C E be a matching of G. The graph G is said to be free-lifted with respect 
to S and M if each edge in M is a strongly bisimplicial clique intersecting S, each 
free node in V(M) belongs to some M-clique and each liftable free component of 
G is an M-clique. □ 

Theorem 77 Let G(V, E) be a quasi-line graph, S a canonical stable set of G 
and M C E an S-matching of G with the property that each free node in V{M) 
belongs to some M-clique. By successively applying free component liftings one 
can produce, in 0(|I4| 2 ) time, a quasi-line graph G(V,E) and the corresponding 
extensions S of S and M of M in G with the property that M is an S-matching, 
\V\ = ddl^l) and G is free-lifted with respect to S and M. 

Proof. Let C be the list of weakly normal free components in G which are not M- 
cliques. By Theorem 71, the list £ can be constructed in 0(|I4| 2 ) time. Moreover, 
by Theorem 73, each free component Q G £ is liftable. Observe that the lifting of 
Q creates a new stable set S', a new ^-matching M' D M and a new Af'-clique Q' 
of free nodes, while the nodes in Q become bound, so the property that each free 
node in V(M r ) belongs to some Af'-clique is preserved. Moreover, by Theorem 74, 
any other weakly normal free component in £ is a weakly normal free component of 
G' and any weakly normal free component of G with respect to S' which is not an 
M'-clique belongs to £. Let G(V, E) be the graph obtained from G by lifting, one 
after the other, the free components in £ and let S and M be the corresponding 
extensions of S and M, respectively, in G. Observe that G is free-lifted with respect 
to S and M. At each iteration we select a clique Q , partition Q in p = 0(\Q\) 
similarity classes (Qi, ■ ■ ■, Q P ), remove the edges in each cut ( Qi , Qj) (i / j), add 
2 p new nodes and p{p — l)/2 + p + \Q\ edges as in Definition 41. Hence, the time 
complexity of the iteration is 0(\Q\ 2 ). It follows that the overall complexity of the 
procedure is 0(|I4| 2 ) as claimed. Finally, observe that, by construction, each edge 
qq in M \ M is adjacent to some node v G V (namely, qv G E, q belongs to S and 
v was a free node in some liftable free component in £) and v is not adjacent to 
any other edge in M\M. It follows that \M\M\ < \V\ and so |H| = 0(1141). The 
theorem follows. □ 

Observe that V = VUV(M ). Moreover, let C be an 5-cover of G and let T be the 
list of cliques in C which are not Af-cliques. By Theorem 71 T can be constructed 
in 0(\V\) = Q{ |I4|) time. 
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Definition 75 Let G(V,E) be a quasi-line graph, S a canonical stable set, C an 
S-cover of G and M C E a matching of G. Let C q £ C be a weakly normal clique 
not intersecting a normal free component. If at least two sets in the S-partition 1C 
of C q are not contained in V{M) or \K.\ > 3 then C q is said to be S-liftable with 
respect to JC (G < ' Cs ’ K ' > is said to be an S-lifting,). 

In the following two theorems we describe sufficient conditions for a clique in the 
S-cover to be S-liftable. 

Theorem 78 Let G(V, E) be a quasi-line graph, S a canonical stable set in G and 
M C E a matching of G. Assume that G is free-lifted with respect to S and M. 
Let s be a node in S and let C s , C s be any pair of maximal cliques covering 7V[s]. 
If C s is a weakly normal clique and there exists two non-polar wings W(s,t\) and 
W(s,t 2 ) intersecting C s then C s is S-liftable. 

Proof. Since G is free-lifted, C s does not intersect a normal free component for, 
otherwise, C s would be an M-clique of free nodes, a contradiction. Moreover, 
since neither W(s,ti) nor W(s,t 2 ) is the polar wing W(s,r) of C s we have that 
K, contains the sets C s (ti), C s {t 2 ) and either {C s (r) U {s} U I(s)} (case (i) of 
Definition 73) or {(C s fl W F (s,r)) U {s} U 7(s) (case (ii) of Definition 73). It 
follows that \K,\ > 3 and so C s is S-liftable. The theorem follows. □ 

Theorem 79 Let G(V, E) be a quasi-line graph, S a canonical stable set in G and 
M C E a matching of G. Assume that G is free-lifted with respect to S and M. 
Let s £ S \ V(M) be a node with k s > 3 and let C S ,C S be any pair of maximal 
cliques covering IV [s]. Then either C s or C s is normal and S-liftable. 

Proof. Let W(s,U) (i = 1,... ,p, p > 3) be the wings intersecting N(s). Without 
loss of generality, we can assume that two of them, say W{s,t\) and W(s,t 2 ), 
intersect C s . 

Claim (i). For each pair W(s,ti), W{s,tj) (i / j) intersecting C s and nodes 
x, y £ N(C S ) \ C s with x £ {U} U W ( s , U) and y £ {tj} U W(s, tj) we have that x 
and y are C s -distant. 

Proof. Since x,y £ N(C S ) \ C s we have that x and y are not bound. If either 
x = ti or y = tj then x and y are not adjacent and have no common neighbor in 
C s , so the claim easily follows. If, conversely, both x and y are free, let x and y 
(possibly coincident), be free nodes in C s adjacent to x and y, respectively. If x 
and y are adjacent we have that x, y, x, y belong to the similarity classes of nodes 
s, L and tj. But then, by Theorem 21, they belong to a free component Q which is 
normal since it contains the net (x,x,y : s,U,tj). Moreover, since G is quasi-line, 
by Corollary 31 Q is weakly normal and, by Theorem 73, is liftable. Since G is 
free-lifted with respect to S and M we have that Q is contained in V(M) and 
N[x] is contained in V(M). But this contradicts the assumption that x belongs to 
the clique C s containing the node s £ V \ V(M). Hence x and y are not adjacent 
and do not have a common neighbor z £ C s (otherwise (z : x,y, s) is a claw). The 
claim follows. 

End of Claim (i). 

Let x,y £ N(C S )\C S with x £ {fi}UlT(s, t\) and y £ {t 2 }UW(s, t 2 )■ By Claim (i), 
x and y are C s -distant. Observe that if a node v £ C S \C S is adjacent to x ( y ) then it 
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belongs to W ( s , ti) (W (s, < 2 )). Now, if there exists a node z £ C S \C S which is non- 
adjacent to both x and y then, by Theorem 31, C s is normal. If, conversely, every 
node in C s \ C s is either adjacent to x or to y then C S \C S C W (s, t\) U W(s, t 2 ). 
Since p > 3 there exists a third wing, say W(s,ts). Since G is free-lifted, by 
Theorem 22 each node in N(s) belongs to at most one wing and hence W(s,tz) 
does not intersects C s \ C s and, consequently, intersects C s . But then there exists 
a node z £ N(C a ) \ C s with z £ {£ 3 } U W(s,t 3 ) and, by Claim (i), x, y and z are 
mutually C s -distant and hence C s is normal. 

To complete the proof of the theorem we now show that C s is S-liftable. Since C s 
is normal, it is weakly normal. Moreover, since G is free-lifted C s does not intersect 
a normal free component for, otherwise, C s would be an M-clique of free nodes, 
a contradiction. Now, if neither W(s,ti) nor W(s,t 2 ) is the polar wing W(s,r) 
of C s then, by Theorem 78, C s is S-liftable. If, on the other hand, W{s,t\) or 
W(s,t 2 ) is the polar wing W(s,r) of C s (unique by Theorem 75) then there exists 
a third wing (say IT(s,f 3 )) which is non-polar and intersects C s . Hence, the above 
argument can be repeated by interchanging W (s, r) and W (s, ts) and the theorem 
follows. □ 

Let G be a quasi-line graph with canonical stable set S such that G is free-lifted. 
The following lemma shows that an S-cover of G can be easily updated after an 
S-lifting. 

Lemma 71 Let G(V , E) be a quasi-line graph and S a canonical stable set in G. 
Let M C E be an S-matching of G. Assume that G is free-lifted with respect to 
S and M. Let C = {( C V ,C V ) : v £ 5} be an S-cover of G. Let G < ' Cb ' K ' > be an S- 
lifting ofG with respect to the partition K, = (AT, AT, ..., K p ) ofC s . Let {qiqi : i = 
1 ,,p\ be the set of lifting edges and let Q = ,..., q } be the corresponding 

lifting clique (M-clique). Finally let and be the corresponding 

extensions of S and M. Then an -cover c {CsX) 0 f G (C„,/C) 

can be obtained 

from C by removing the clique C s and adding the family C A composed by the 2p+ 1 
cliques Q, AT U {qi} and {qi,q z } (i E {1,... ,p}). 


Proof. Let q h be the unique node in Q IT and let Q = {qi ,..., q h ,..., q p } 

be the set of lifting nodes belonging to S < ' C ” ,C K Observe that we have s £ Kh- 

We first prove that each edge uv in G removed by the lifting operation is contained 
in exactly one clique of C, namely C s , possibly coincident with C s - In fact, if uv 
is contained in a clique C z £ C \ {C S ,C S }, we have that u and v are similar 
bound nodes in the wing W(s,z). But it is easy to check that an S'-lifting never 
removes edges between similar bound nodes. If uv is contained in C s ^ C s , then 
u,v £ C s C\ C s . It follows that u (v ) is not free, since otherwise it would be 
either a dominating free node (if it is outer free) or a twin of s and in both cases 
we would have a contradiction. Hence, either u or v (or both) is a bound node. 
Assume, without loss of generality, that u is a bound node and belongs to some 
wing W (s, r). Since C s is weakly normal in G , we have that r, u and v are adjacent 
to every node in C s \ C s 0- It follows that r is the polar node of C s and C s \ C s 
does not contain free nodes. It follows that G^ Cs,lc ^ is an S'-lifting of type (i) and 
u,v belong to C s (r) U {s} U 7(s) and hence to AT, contradicting the assumption 
that uv is removed by the lifting operation. 
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It follows that C s is the only clique in C that is not a clique in G ( ' Cs ' K '\ The new 
edges in G having one endpoint in are incident either to s or to some 

node in Q. It follows that the closed neighborhood in G < - Cs ' ,c '> of any node u in 
g(C a ,K) \ ({ s } uQ) = 5 \ {s} is covered by the cliques G u , C u in C. Moreover, the 
closed neighborhood of s in G <Ce is covered by the cliques AT, U {qh} and C s , 
the closed neighborhood of q h is covered by the cliques Q and {qh,q h }. Finally, the 
closed neighborhood of qi (i G {1,... ,p} \ {h}) is covered by the cliques Ki U {(/;} 
and {qi,cii}- The Lemma follows. □ 

In what follows, we call the -cover q(C s ,k) = C \ {C s } U C A the extension 

of C. 

Lemma 72 Let G(V. E ) be a connected claw-free graph and let S be a canonical 
stable set of G. Let M C E be an S-matching of G. Assume that G is free-lifted 
with respect to S and M. Let C be an S- cover of G and let G^ Cb,k ^ be an S-lifting 
of G. If Q is a weakly normal clique in C\{G S } then it is weakly normal in G^ Ca,lc \ 

Proof. Assume that there exists in G a weakly normal clique Q £ C\ {Cs} which is 
not weakly normal in G^ Cs ’ K \ Let W ( s , r) be the polar wing of C s (if it exists) and 
let u be the stable node in Q. Let x, y Q be two non-adjacent nodes in G^ C ” K ^ 
with a common neighbor z 6 Q. Since Q is weakly normal in G, we have two cases: 
(a) z is non-adjacent either to x or to y in G; (b) x and y are adjacent in G. In case 
(a) either x or y (but not both) belongs to {qi : i = 1,... ,p}. By symmetry we 
consider only the case x = q\. It follows that 0 belongs to AT and hence to C s C\Q- 
If u = s then we have Q = C s and z belongs to G s flG s . Observe that any node in 
C s fl G s is not free, otherwise it would be either a dominating free node or a twin 
of s and in both cases we would have a contradiction. Consequently, z is a bound 
node and belongs to some wing W (s, t ). Since C s and G s are both weakly normal 
in G, we have that t must be adjacent to every node in the symmetric difference 
of Gs and G s . Moreover, any other node in (G s fl G s ) \ {s} is also a bound node 
in some wing IF(s,f / ) with t’ adjacent to every node in the symmetric difference 
of Gs and G s . It follows, by claw-freeness, that t = t' and hence that t is adjacent 
to every node in N(s). But this implies that G s is not S-liftable, contradicting the 
assumption. Hence, we can assume u s. 

Observe that y is adjacent to s and hence belongs to G s , since Q is weakly normal 
in G and both y and s do not belong to Q and are adjacent to z & Q. Analogously, 
y is adjacent to u , since C s is weakly normal in G and both y and u do not belong 
to G s and are adjacent to z £ C s . It follows that y and z belong to the wing 
W(s,u). Since G s intersects more than one wing, we have that there exists some 
node b £ C s belonging to a wing W(s,t) ( t / u). We have that IT(s,f) is not the 
polar wing, since y G C s does not belong to W(s,t). It follows that b and s belong 
to different sets of the partition AT of C 3 - But this contradicts the existence of the 
Gs-paw (s, b : y,u). 

In case (b) both x and y are not lifting nodes and belong to different sets of the 
partition K. of C s which is defined as in (i) or (ii) of Theorem 76. Moreover, z does 
not belong to C s , otherwise it would not be adjacent to both x and y in G^”^. 
It follows that u coincides with s and hence 2 belongs to C s , otherwise the G s -paw 
{x,y : z,u) would contradict the liftability of G s . If both x and y are free, then 
they belong to different partial wings C s {t\) and C s {t 2 ) and are adjacent to free 
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nodes x G F(ti) and y G F(t 2 ), respectively. We claim that x is not adjacent 
to y. In fact, otherwise, x,y,x,y would belong to a connected component H of 
the dissimilarity graph of G with respect to S intersecting three similarity classes. 
This in turn would imply that H is a liftable free component containing two free 
nodes in C s , contradicting the assumption that G is free-lifted. Since C s is weakly 
normal in G and x G C s is a common neighbor of z, x (f C 3 we have that z is 
adjacent to x. Analogously, we have that z is adjacent to y. But then (z : s,x,y ) 
is a claw in G, a contradiction. 

It follows that either x or y is bound. Without loss of generality, assume that x is 
a bound node in some wing W{s,t). Since C s is weakly normal in G and x G C s 
is adjacent to z,t £ C s we have zt G E. But then z G Q is adjacent to t,y ^ Q 
and, since Q is weakly normal in G, we have yt G E. It follows that also y is a 
bound node in the wing W (s, t ) contradicting the hypothesis that x and y belong 
to different sets of the partition AT of C s . The theorem follows. □ 

Theorem 710 Let G(V,E) be a quasi-line graph and S a canonical stable set in 
G. Let M C E be an S-matching of G. Assume that G is free-lifted with respect to S 
and M. Let C = {( C v , C v ) : v G S} be an S -cover of G and let £ be a list of weakly 
normal cliques containing all the normal cliques of G which are not M-cliques. Let 
q(C,,K) an S-lifting of G with respect to the partition K. = (Ki, K 2 ,..., K p ) of 
C s G C. Let {qiq.i : i = 1,... ,p} be the set of lifting edges and let Q = {q Y ,... ,q p } 
be the corresponding lifting clique (M-clique). Finally, let S^ Cb,ic \ M^ Cs,lc ^ and 
q(c b ,K) extensions of S, M and C, respectively. Then we have: 

(a) a free (bound) node u in G with respect to S is a free (bound) node in G^ Gb,ic I 

with respect to ■ 

(b) g( c ‘"*~ > is free-lifted with respect to “FI and 

(c) The new clique Ki U {<?, } (i G {1,... ,p}) is an -clique if and only if 

either s G Ki and N(s) \C S = 0 or Ki fl V (M) ^ 0/ 

(d) a list of weakly normal cliques containing all the normal cliques of G 
which are not M i ' Cs ' K ')-cliques can be constructed as follows: C i ' Cs ' K ') = £ \ 
{C s } U {Ki U {gi} : i G {1,... ,p}, Ki n V(M) = 0} \ {{s, q,) : N{s) \C S = 0}. 

Proof. Let {q-Kp : i = 1,... ,p} be the set of lifting edges, K, = (K\, K 2 , ■ ■ ■, K p ) 
the associated partition of C s and let Q = {q 1 ,... ,q p } be the corresponding M- 
cliciue. To prove (a) observe that a node u G V\S is adjacent to a node z G 
in G if and only if they are adjacent in G^’Fl. Moreover, if u is adjacent to s in 
G then it is either adjacent to s or to some node qi G S no j- both) in 
q(C s ,K) follows that any free (bound) node in G with respect to S is always a 
free (bound) node in G { ' Cb ’ K ''> with respect to S_ 

To prove (b) first observe that, by construction, each edge in M t ' C »F) a strongly 
bisimplicial clique intersecting We now show that each free node in 

belongs to some liftable free component in G( Cb ’ K ’' > . Let v be a free 
node in V(M ( - Cb ’ IC ')') an d let u be the node matched to it by M^ Cb ' K \ By assump¬ 
tion we have u G S ( ' Gs ’ lc '), Moreover, K v = IV[u] \ {«} is an M-clique composed 
by nodes free with respect to Hence, K v is a free component in G 1 ' Cb ’ IC ^ 

(with respect to S ( ' Ga ’ lc l), Moreover, by Lemma 31, K v is weakly normal and, by 
Theorem 73, K v is liftable in G( Cb ' K -'> with respect to {u} C K v . This proves that 
each free node v G V{M ( - G ' K ^) belongs to a liftable free component in G<- Cb ' k \ 
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To complete the proof of Property (b) we show that each liftable free component 
H in G (Cs ' K) is also a liftable free component in G. To this purpose, observe that 
H does not contain the nodes qi and q i (i = 1,... ,p) since it contains only free 
nodes. As a consequence, H is a clique in G, since the new edges in G < ' C ‘‘ ,IC> have 
at least one endpoint in the set : i = 1,... ,p}. Moreover, by Property (a), 

the nodes of H are also free in G with respect to S. 

Suppose that H intersects more than one connected component of the dissimilarity 
graph Gf of G with respect to S. It follows that there exist nodes x,y G H which 
are dissimilar in G (adjacent to different nodes of but belong to 

different connected components of Gf and hence are similar in G (adjacent to the 
same node of S). As a consequence one of them, say y, is adjacent to some node 
qi ( i G {l,...,p}) in G^ 0 ”^ and belongs to C s while x is adjacent to s and y 
both in G and in Q(C a x) an( j i ience belongs to N(C S )- Since y is not adjacent 
to s in G < - Cs ’ ,c ) and is free, it belongs to the partial wing Ki = C s (t) for some 
t G S \ {s} and is an outer free node adjacent to a node y G F(t) in G. But 
then x and y are nodes in N(C S ) with the common neighbor y G C s . If x and 
y are not adjacent in G then C s is not weakly normal and hence not liftable, a 
contradiction. It follows that x and y are adjacent in G and dissimilar, so Gf 
contains the path (y,y,x) contradicting the assumption that x and y belong to 
different connected components of Gf- We have thus proved that H is contained 
in a connected component oi Gf- 

Suppose now that H is not a maximal clique in G and let x be a node universal 
to H. Since H is maximal in G <C ‘‘there exists a free node y G H which is not 
adjacent to x in G This means that x belongs to K-, and y belongs to Kj for 
some pair Ki ^ Kj G /C and y belongs to F(s) in G. Moreover, since H contains 
at least two dissimilar nodes, there exists a node y ^ y in H \C S adjacent to a 
node t G S \ {s} both in G and in G < - Cs ’ lc ' > (y belongs to W(s,t) in G ). Since x is 
universal to H in G, the node x is adjacent to y. Moreover, the node s is adjacent 
to y and non-adjacent to y in G and hence x ^ s. Now, if x is not adjacent to t 
then the edge xy is the base of the Q-paw ( x , y :y,t), contradicting the assumption 
that x and y are not adjacent in G conversely, x is adjacent to t then 
it is a bound node in W(s,t) in G. Since G^ Cs F) j s an g-lifting which separates 
a free and a bound node in the same wing, it follows that /C is defined as in (ii) 
of Theorem 76 and hence t is the polar node of C s , Ki = W B (s,t) fl C s and 
Kj = (C s l~l W F (s 7 r)) U {s} UJ(s). Let 2 be a free node in W F (s, t )) \ C s (it exists 
by definition). Both z and y belong to N(C S ) and have the common neighbor 
y G C s - Since C s is weakly normal, we have that z and y are adjacent both in 
G and in G anc j are dissimilar, implying that z belongs to H. But then we 
have zx G E, the nodes z and t are not adjacent and have the common neighbor 
x G C s , contradicting the assumption that C s is weakly normal. It follows that H 
is a maximal clique in G and hence induces a free component. 

Finally, suppose that H is not liftable and hence, by Theorem 73, that it is not 
weakly normal. It follows that in G there exists two non-adjacent nodes x, y G 
N(H) with a common neighbor z £ H. Since H is liftable (and weakly normal) 
in G (°sX) 

we have that either x or y is non-adjacent to z in G { - Gs ' K '\ Without 
loss of generality, suppose that x is not adjacent to z in G^ Ga ' K -' ) and hence that 
both x and 2 belong to C s - It follows that z is adjacent (in G to a lifting 
node in {qi,q.i : i = 1,... ,p}, let k be such a node. Since y is not adjacent to x in 
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G, it does not belong to C s and hence it is non-adjacent to the lifting nodes. But 
then, z is the common neighbor (in G^ 3 ’^) 0 f the non-adjacent nodes y and k, 
contradicting the assumption that H is weakly normal in G l ' Ca ’ ,c \ 

Hence, we have proved that H is a liftable free component in G. Since G is free- 
lifted, we have that H is an M-clique and, consequently, an -clique in 

q(C,,K) This completes the proof of Property (b). 

To prove Property (c) observe first that if Ki D V(M ) = 0 and either s (f Ki or 
N{s)\C s ^ 0 then Ki U {<?,:} is not an M*- 0 "’^-clique. 

To prove sufficiency, note that if s G Ki and N(s)\C s =0 there exists no polar 
node of C s , Ki = {s} U I(s) and the new clique K, U {g;} is an Af^ c ” x ')-cliquc. 

Assume now that Ki n V(M) ^ 0 and let r be the polar node of C 3 (if it exists). 
Observe that, by Definition 73, either we have (i) Ki = C s (ti ) with ti G S \ {r}, 
or (ii) Ki = C s (r) U {s} U I(s), or (in) Ki = ( C s H W F {s, r)) U {s} U I(s), or (iv) 
Ki = W B (s,r ) (~l C s - The case (ii) occurs if F(s) \ C s = 0 while cases (in) and 
(iv) occur if F(s) \ C s i=- 0. 

If Ki contains some node u G V (M) \ S, let v be the node in V (M) n S matched 
to u by M. Since C s is not the Af-clique {u,v}, we have that v does not belong 
to C s - If v is the polar node r of Cs, we have that N(s) \ C s is non-empty and is 
contained in W(s,v). Since {it, u} is a strongly bisimplicial clique, there exists no 
bound node z in N(s) \ C s (otherwise the node s G N{u) would be adjacent to the 
node z G N(y)). It follows that F{s)\C s / 0 and hence Ki = W B (s,v) fl C s and 
we are in case (iv). If, conversely, v is not the polar node of C s , then Ki = C s (v) 
and we are in case (i). In both cases AT, = {it}, otherwise the hypothesis that 
{it, it} is a strongly bisimplicial clique would be contradicted. It follows that the 
new clique K t U {qi} is an Af ^’^-clique. 

If Ki contains some node u G V (A/) fl S, we have it = s and we are either in case 
(ii) or in case (in). Let v be the node in V(M) \ S matched to s by M. We have 
N(s) \ C S = {u} and, since v is non-adjacent to any node in C s \ {s}, there exists 
no polar node of C s - It follows that, in both cases, Ki = {s} U I(s) and the new 
clique Ki U {qi} is an Af ^“’^-clique. This concludes the proof of Property (c). 

To prove Property (d) we first prove the following: 

Claim 1. Any maximal clique belonging both to G and to G^’"^ which is not 
weakly normal in G is also not weakly normal in G^ Cb ’^ . 

Proof. By contradiction, assume that there exists a maximal clique Q belonging 
both to G and to G ^ c ’which is not weakly normal in G but is weakly normal in 
q{C b ,K)_ follows that in G there exist non-adjacent nodes i,t/G N(Q) having a 
common neighbor z G Q but such a configuration is not preserved in G { ' Cs ' K '' ) . Since 
the lifting operation does not remove nodes nor adds edges connecting previously 
existing nodes, we have that one of the two edges xz and yz has been removed; 
without loss of generality, assume that x and z are not adjacent in G^ C ” K ’\ It 
follows that the nodes x and 2 belong to different sets in K. = {A'i, A' 2 ,..., K p }, 

where Ki = N{qi) fl C s (i G {l,...,p}; say x G Ay and z G AT- But then in 

G (C„,/C) 

qu and y are non-adjacent nodes in N(Q) having the common neighbor 
2 G Q, contradicting the assumption that Q is weakly normal in G ( c '»>* : ). The 
claim follows. 

End of Claim 1. 
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Now, by Theorem 53 the normal (and hence weakly normal) cliques in G ( ' Ge ' K ’' > 
belong either to the extension C( Cs ’ lc ') of C or to the family of the free components 
of G < - Cs,/c - ) with respect to S^ 3 ’^. But, by Property (b) G < ' Ce ' K ' > is free-lifted with 
respect to so the free components are -cliques. It follows that the 

normal cliques in G( C ” K ^ belong to C^ c, ” K K By Lemma 71 C (Gs ' K ^ = C\{C' s }UC zi 
and, by the previous Claim, no clique in C which is not weakly normal in G can 
be weakly normal in G It follows that the list can be chosen in 

the family C U C A . More precisely, to obtain we have to remove from 

C U C A the clique C s and all the cliques which are not weakly normal in 
or are -cliques. But, by Lemma 72, all the cliques in C \ {C s } are also 

weakly normal in G On the other hand, since for i G {1,... ,p} { q,, (jj } is 
bisimplicial and N({qi, g i }) is covered in G^”*^ by Q\{(p} and Ki, by Lemma 31 
the new cliques Ki U {<p} (i G (1,... , p}) are weakly normal in G ( ' Cs,K '\ It follows 
that we have to remove from C U C A the clique C s and all the cliques which 
are cliques. The following claim characterizes the new cliques Ki U {<p} 

(i G {1,... , p}) which are cliques. 

Property (c) now implies Property (d). The theorem follows. □ 

We now introduce a proper sub-class of quasi-line graphs (basic quasi-line ) having 
a very simple structure which allows to solve the maximum weight stable set 
problem by decomposition. 

Definition 76 Let G(V,E) be a quasi-line graph. If there exists a matching M C 
E whose edges are bisimplicial cliques and such that each connected component C 
of G — M is either a clique or a {claw, net {-free graph with |Cn V(M)\ < 2 then 
the graph G is said to be basic quasi-line with respect to M. □ 

In the following two theorems we first characterize the basic quasi-line graphs in 
terms of S-liftability and then prove that every quasi-line graph can be turned into 
a basic quasi-line graph by a series of liftings. Finally, we show that the complexity 
of the overall procedure is not higher than that of solving the MWSS problem on 
line graphs. 

Theorem 711 Let G(V, E) be a quasi-line graph, S a canonical stable set and M 
an S-matching. Assume that G is free-lifted with respect to S and M and that each 
clique Q belonging to an S-coverC either is an Al-clique or is not S-liftable. Then 
G is basic quasi-line with respect to M. 

Proof. We first prove that any node u G S which is not contained in an M-clique 
has k u < 2. In fact, if u is a stable node with k u > 3 we have, by Theorem 79, that 
at least one of the cliques of the S'-Cover containing u is S-liftable. Since such a 
clique is not an M-clique, the assumption is contradicted. 

Now, let C be any connected component of G — M which is not an Al-clique and 
let Sc = C (~l S. Let H(Sc , T) be the graph where xy is an edge in T if and only 
if x,y G Sc and W(x,y) is a wing in G not contained in V(M). 

Claim (i). Each node u in Sc has degree either 0, 1 or 2 in H; moreover if 
u G V{M) then it has degree at most 1. 

Proof. Let u be a node in H. By assumption, u has wing number not greater than 
2. Moreover, if u G H fl V(M), then one of the wings defined by u is contained 
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in V(M) and does not belong to C. But then u defines at most one wing not 
contained in V ( M ) and hence has degree at most 1 in H. 

End of Claim (i). 

Claim (ii). The graph H is connected. 

Proof. Assume conversely that there exist at least two connected components 
C\. C 2 of H. Since C is a connected component in G — M, each pair of nodes 
in Sc is connected by a (shortest) path in G — M. Let P = (x,z\,... ,Zh,y) 
(h > 1 ) be a shortest path connecting two nodes x,y in different components of 
H. Without loss of generality, assume x G Ci and y G Ci. Observe that, since the 
nodes in V ( M ) are simplicial in G—M, the internal nodes of P belong to V\V(M). 
Moreover, by minimality of P, Zi £ S (i = 1,..., h) and p > 2, otherwise W(x,y) 
would be a wing containing zi G V \ V(M ), contradicting the assumption that x 
and y do not belong to the same connected component of H. If h > 3 we have 
that there exists at least one node t G S adjacent to 22 and different from x and 
y. Since Z 2 t does not belong to M, we have t G Sc- If t C\ then tzi ^ E and the 
path (x, 21 , 22 , t) contradicts the minimality of P. It follows t G C'i and hence t, y 
are in different connected components of H. But then either (t,Z 2 ,Z 3 ,... ,Zh,y) 
or (t, 23 , ... ,Zh,y) is a path connecting two nodes in different components of H 
which is shorter than P, a contradiction. Consequently, we have h = 2. Assume 
that zi ( 22 ) is a bound node. Then there exists a node t G S adjacent to 21 ( 22 ) 
and different from x and y. By claw-freeness t is also adjacent to 22 ( 21 ). The edges 
Z\t and zit do not belong to M and hence t G Sc- It follows that both W(x, t) and 
W(y, t) are wings containing some node in V \ V (M) and hence t belongs to both 
Ci and C 2 , a contradiction. It follows that both 21 and 22 are free nodes. But then 
x and y define a wing containing some node in V \ V(M), again a contradiction. 
End of Claim (ii). 

By Claims (i) and (ii) H is either an isolated node, a path with at least one edge 
or a cycle. In the first case the theorem easily follows. Consequently, we can make 
the following: 

Assumption (i). |S'o| =p > 2. 

By Assumption (i) H is either a path with at least one edge or a cycle and 
there exists an ordering {si, S 2 ,..., s p } of Sc such that each s* (2 < i < p — 1) 
defines wings with Si_i and with Sj+i. An easy consequence of Claim (i) and the 
assumption that k u < 2 for each u G S is the following. 

Claim (Hi). Sc H V(M) C {si,s p } and the nodes S 2 , ■ ■ ■ ,s p _ 1 define exactly two 
wings. 

Claim (iv). If v belongs to V(M) n C and does not belong to Sc then either v G 
N(si) or v G N(s p ). 

Proof. Let u G V (M) fl S be the node matched to v by M. Since C is not an 
Af-clique and G is free-lifted, the node v is not free and hence is adjacent to a 
node Sj G Sc- If j £ {l,p} then Sj defines the wings W(sj-i, Sj), W(sj, Sj+i) 
and W(sj,u) contradicting the assumption that k v < 2. The claim follows. 

End of Claim (iv). 

Claim (v). AT[si] fl C (7V[s p ] fl C) contains at most one node in V(M). 

Proof. By symmetry, it is sufficient to prove the first statement. Assume first si G 
V(M) and suppose, by contradiction, that si is adjacent to a node v G V(M) C\C. 
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Let u and z be the nodes matched to v and si, respectively, by Af. Observe that z 
and u belong to M-cliques Q z and Q u , respectively, and hence do not belong to C. 
Moreover, the cliques Q z and Q u are different since {si, z } and {it, u} are strongly 
bisimplicial cliques. Let y be the stable node in Q z . Since u and y do not belong 
to C, We have that u,y i=- si,S 2 and hence that si defines three distinct wings 
W(si,u), W(si,s 2 ) and W(s\,y) contradicting the assumption that k Sl < 2. 

Assume now si (f V(M) and suppose, by contradiction, that si is adjacent to 
nodes vi,v 2 £ V(M) fl C. Let ui,u 2 be the nodes matched to vi,v 2 by Af. We 
have that Hi and u 2 do not belong to C. It follows that m, u 2 ^ s i, s 2 and hence 
that si defines the wings W(si,ui), W(si,u 2 ) and W(si,s 2 ), contradicting the 
assumption that k Sl < 2. The claim follows. 

End of Claim (v). 

By the above claims we have that C contains at most two nodes in V (Af), namely 
vi £ IV[si] and v p £ IV[sp]. Consequently 5(C) consists of at most two edges of 

M. 

To complete the proof we have now to show that G[C] does not contain normal 
cliques. Suppose, by contradiction, that there exists a normal clique Q in G[C\. 
Observe that, by assumption, Q is not an Af-clique (it would coincide with C) and 
is not S'-liftable. Moreover, by Corollary 31, Q is weakly normal. Consequently, 
by Theorem 53, it is either a free component of G with respect to S or contains 
a node u £ S. If Q were a free component, by Theorem 73 it would be liftable. 
Since G is free-lifted, by Definition 74 Q would be an Af-clique, contradicting the 
assumption. 

It follows that Q contains a node u £ S. By Theorem 31 (applied to G[C]), there 
exist three nodes x,y, z £ C with the property that x, y are two Q-distant nodes 
in N(Q)\N(u) and z belongs to N(u)\Q and is null to {x,y}. Let x and y be two 
nodes in Q which are adjacent to x and y and not adjacent to y and x, respectively. 
The nodes x and y exist since x and y belong to N(Q) and are Q-distant. Moreover, 
x and y are not adjacent to z (since Q is weakly normal) and do not belong to I(u ) 
(since they are adjacent to x £ N(u) and y N(u ), respectively). It follows that x 
and y belong to wings (possibly coincident) W(u,s i) and W(u,s 2 ), respectively. 
Consequently, x belongs to AT[si] and y belongs to IV [s 2 ]- Observe that x does 
not belong to V ( M) for, otherwise, it would be matched to x by M contradicting 
the assumption that x belongs to C. Analogously, y V(M). Consequently, if 
W(u,S\) and W(u,s 2 ) are distinct wings the S'-partition /C of Q contains the 
partial wings Q(si),Q(s 2 ) % V(M). But then Q is S'-liftable, a contradiction. It 
follows that si = S 2 = s. 

In this case we have that the non-adjacent nodes x and y cannot be both free and 
neither of them coincides with s. Suppose, without loss of generality, that x is not 
free and hence is a bound node adjacent to s and s' ^ u, s. Since x £ W(u, s ) we 
have that xs' (f E and, by claw-freeness, that s is adjacent to x. It follows that 
s defines at least two wings, W(s,u) and (M^SjS 7 ). The node y is adjacent to s 
and not adjacent to x and x. It follows that both x and x belong to a clique C 3 of 
some S-cover C of G while y belongs to C 3 . Since Q is normal, by Theorem 53 it 
belongs to every S-cover, so we can assume C' = C. 

Suppose that C s is an Af-clique. Since sy £ <5(C S ), we have that sy belongs to 
M. But this is impossible since s is adjacent to x, y adjacent to y and xy £ E, 
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contradicting the fact that sy is strongly bisimplicial. It follows that C s is not an 
M -clique. 

If ys' E, C s is a normal clique (since ( s,x,x : y,s',u) is a net in G ). Moreover, 
if y is a bound node, then neither IT(s,s / ) nor W(s,u) is the polar wing of C s ; 
on the other hand, if y is free then F(s) \ C s is non-empty. In both cases, by 
Definition 73 the 5-partition of C s contains at least three sets and hence C s is 
5-liftable, contradicting the hypothesis. 

Hence, we have that ys' G E and, by claw-freeness sy G E (y G C s ). Moreover, 
zs' ^ E (otherwise (s' : x, y, z) would be a claw in G) and zs E (otherwise 
(s : x,y,z) would be a claw in G ). We claim that either C s or C s is weakly 
normal. Suppose the contrary. It follows that both C s and C s are not normal and 
hence, by Theorem 79, k s = 2. Assume now that q is a free node in F(s). The 
node q cannot belong to C s D C s for, otherwise, it would be either a twin of s or a 
dominating free node. Without loss of generality, we can assume q G C S \C S - But 
then the net ( s , y,y \ q,s , u ) contradicts the assumption that C s is not normal. It 
follows that F(s) = 0 and hence each node in N(s) is adjacent either to s' or to 
u. Since C s is not weakly normal, there exists a node 6 G C s which is the common 
neighbor of two non-adjacent nodes 61,62 G N(C S ). By claw-freeness either b i or 
62 , say 61 , is adjacent to s and hence belongs to C s \ C s and is adjacent to y and 
y. Moreover, 62 is non-adjacent to s (otherwise it would belong to C s ). 

We claim that 61 is adjacent to x. Assume, by contradiction, that bix ^ E. It 
follows that 62 is adjacent to x, otherwise (b : 61 , 62 , 2 :) would be a claw in G. 
Moreover, 62 is adjacent to s' (otherwise (x : s,s',b 2 ) would be a claw in G). 
Assume that 62 belongs to Q. Hence, Q intersects the two wings W(u,s) and 
W(u,s') and, since z is non-adjacent to both s and s', s and s' do not cover 
N(u) \ Q. It follows that Q is 5-liftable, a contradiction. 

Hence, we have 62 ^ Q. Assume 62 is adjacent to x. it follows that 62 is adjacent to 
u (otherwise (cc : s,u,b 2 ) would be a claw in G ) and non-adjacent to z (otherwise 
(62 : s', x, z) would be a claw in G). But then 62 belongs to Q, a contradiction. 

Hence, we have 622 : ^ E. It follows that 61 is adjacent to x (otherwise (6 : 61 , 62 , 2 :) 
would be a claw in G). But then, x and 61 are two non-adjacent nodes in N(Q) 
with the common neighbor x G Q contradicting the assumption that Q is weakly 
normal. 

It follows that 61 is adjacent to x as claimed. Consequently, 61 is non-adjacent to 
z (otherwise (61 : x,y, z) would be a claw in G) and non-adjacent to any node u' 
in S\ {sjS 7 } (otherwise (61 : x,y,u') would be a claw in G ). But, since F(s) = 0, 
61 is a bound node and so it must be adjacent to s and s'. If 612 : ^ E then 622 : G E 
(otherwise (6 : 61 , 62 , x) would be a claw in G). If 62 (f Q then 62 and s are two 
non-adjacent nodes in N(Q) with the common neighbor x G Q, contradicting the 
assumption that Q is weakly normal. It follows that 62 belongs to Q and hence 
is adjacent to u and y. Moreover, 62 is non-adjacent to s', otherwise Q would 
intersect the two wings W ( u, s) and W(u, s') with s and s' not covering N (u) \ Q. 
But this would imply that Q is S-liftable, a contradiction. Consider now the node 
6 , the common neighbor of 61 and 62 in C s . It is a bound node non-adjacent to s' 
(otherwise (6 : b 2 ,s,s') would be a claw in G). It follows that 6 is adjacent to u\ 
moreover 6 is not adjacent to y (otherwise (6 : x,y,u) would be a claw in G). 
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If b i is adjacent to x then (bi : s', y , y, x , x) is a 5-wheel, contradicting the assump¬ 
tion that G is a quasi-line graph. Hence we have that b\ is non-adjacent to x. It 
follows that b is non-adjacent to z (otherwise (b : bi, x, z ) would be a claw in G). If 
b is adjacent to y then (bi : s' ,y, y, b , x) is a 5-wheel contradicting the assumption 
that G is quasi-line. It follows that b is non-adjacent to y. But then (u : b,z,y) is 
a claw in G, a contradiction. The theorem follows. □ 

Theorem 712 Let G(V,E) be a quasi-line graph and S a canonical stable set in 
G. Let M C E be an S-matching of G and assume that G is free-lifted with respect 
to S and M. By a series of liftings one can produce, in 0(|V| 2 ) time, a graph 
G(V, E) with V D V, an extension S of S and an extension M of M with the 
property that \V\ = 0(|I/|) and G is basic quasi-line. 

Proof. By Theorem 53 the normal cliques of G belong to C U T, where T is the 
family of the free components of G with respect to S and C is any S-cover of G. 
Moreover, since G is free-lifted, the normal cliques in T are M-cliques. Hence, the 
normal cliques which are not Af-cliques belong to C. Let C be the list of weakly 
normal cliques in C which are not AL-cliques. Observe that such cliques do not 
intersect normal free components (since G is free-lifted) and, by Theorem 76, each 
one of them is liftable with respect to its S-partition. Moreover, by Theorem 71, 
the list C, can be constructed in 0(|y| 2 ) time and contains (n(|V|) elements. We 
also construct the family W = {W(u) : u E V\S} where W( u) is some (arbitrary) 
wing W(s, t ) containing u (represented by {s, t}); we set W(u) = 0 if u is an inner 
free node. Observe that such a family can also be constructed in 0(|V| 2 ) time. In 
fact, in 0(\E\) time we can associate with each node u E V \ S the set N(u) fl S 
(containing one or two nodes) and thus partition the set V \ S into the classes 
of free and bound nodes. Again, in 0(\E\) time we can associate with each outer 
free node u another free node u E N(u) such that S(u) / S(u). Finally, in 0(|V|) 
time, for each bound node u, we set W(u) = {s,t} = N(u) 0 S and for each outer 
free node u we set W(u) = {S(u),S(u)}. 

Let C s be any clique in C ( C s fl S = {s}) and let C s be the other clique in C 
containing s (if it exists). Observe that, since G is free-lifted, every node u in C s 
(C s ) belongs to a single wing, namely W(u). It is easy to see that in 0(\C S UC S |) 
time we can find the polar node r of C s (if any), construct the S'-partition K. of 
C s and check whether C s is S-liftable. Moreover, since each node in V belongs to 
at most four cliques of £, in 0(11^1) time we can find an S-liftable clique in £, if 
any exists. If C does not contain S-liftable cliques then, by Theorem 711, for each 
connected component C of G — M which is not an Af-clique G[C\ does not contain 
normal cliques and 5(C) consists of at most two edges of M and, by letting G = G 
and M = M, the theorem follows. 

Assume, on the other hand, that C s is an S-liftable clique in C and let /C be its 
S-partition. By lifting G with respect to C s and K. (S-lifting) we obtain a new 
graph G ( ' Cs,ic K Let S ( ' Ca ’ lc ' 1 and M ( - Cs ’ K ' 1 be the corresponding extensions of S and 
M. Observe that G, S and M can be updated to G l ' Cs ’ ,c \ g(C e ,K) anc j 
respectively, in 0(|I/|) time. Moreover, by (d) of Theorem 710, a list of 

weakly normal cliques containing all the normal cliques of G( Cs ' !C ' 1 which are not 
A^fC,,/C)_ c iiq UCS can be obtained from C (in the same time complexity). 

By (a) of Theorem 710, a free (bound) node in G with respect to S is free 
(bound) in G^ Cs,lc ^ with respect to S ( - C ' s ’ /C) . Hence, it is easy to see that a family 
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W {GsX) = {W (C.,JC) (u) . u e y{C s X)\ S (C,X) } (where W (C.,/C) (u) 

is some wing 

containing u in G ( ' Cs ’ k ^ with respect to can also be obtained from W in 

time 0(\V ( ^ Cs ' K ' , \). 

By Theorems 45, 47 and 710 G is quasi-line, S^ 0 ”^ is canonical and G^ 0 ”^ 
is free-lifted with respect to and M (c '” /c) . Hence, G {C ’ X) , S' (C '" ,C) and 

M(C S X) satisfy the hypotheses of Theorem 711 and we can iterate the argument. 

Denote by G t (V t ,E l ) > S' 1 , A/ 1 , C 1 and C the graph, canonical stable set, S 1 - 
matching, S 1 - cover lifting and list containing the candidate SMiftable cliques, 
respectively, obtained at the i-tli iteration. We claim that after T = 0(\V\) liftings 
we obtain a quasi-line graph G T , a canonical stable set S T and an S T -matching 
M t such that any clique Q belonging to an S T - cover is either an Af T -clique or is 
not S T -liftable. 

Let C be the SMiftable clique in C l lifted at the i-th iteration and let K. = 
{AT, •.., AT P } be its S I -partition. 

Claim (i). C contains at most one node in V(Al l )\V(M) and at least two cliques 
of JC contain some node in V. 

Proof. If C is a clique of the original graph G then it does not contain nodes in 
V(M l ) \ V(M). If conversely, C has been produced by lifting some clique Q in a 
previous iteration, then it has the form C = K U {q} with q a lifting node and 
K belonging to the partition of Q. But then, by Property (c) of Theorem 710 K 
does not contain a node in V(AP), otherwise C would be an AP-clique and would 
not belong to C 1 . It follows that q G V(AP) \ V (Ad) is the only lifting node in 
C. Moreover, since C is SMiftable, we have that either there are two cliques in 
AT which are not contained in V(AP) or |/C| > 3. Since at most one clique in AT 
contains a node in V(AP) \ V(M ), in both cases at least two cliques in K, contain 
some node in V. 

End of Claim (i). 

Let n l be the number of cliques containing nodes of V in the S’ 1 - cover C 1 . By 
Claim (i) and Lemma 71, we have that n I+1 is strictly greater than nT Since, as 
already observed, each node in V is contained in at most four cliques of C 1 , we also 
have n 1 < \C Z \ < 4|H|. It follows that, as claimed, after at most 4|H| iterations 
we obtain a quasi-line graph G = G T , a canonical stable set S = S T and an 
S ,T -matching M = A1 T such that any clique Q belonging to an S ,T -cover is either 
an Af T -clique or is not S ,T -liftable. 

Now observe that each connected component C of G — A1 is of one of the following 
three types: (i) C is a lifting clique produced at some previous iteration; (ii) 
C = {w, ft} is an Af-clique produced by lifting some clique Q containing the node 
u G V \ V; (in) C is an Af-clique containing some node of V ; (iv) C is not an 
Af-clique. By Claim (i). any clicjue Q lifted in some iteration contains at most one 
node not in V and hence we have C9(|V|) components of type (ii). Moreover, each 
component of type (Hi) or (iv) contains at least one node in V, so the number of 
such components is 0(\V\). In addition, a component of type (ii) contains exactly 
two nodes V \ V, a component of type (in) contains, by Claim (i), at most one 
node in V \ V and a component of type (iv) contains, by Theorem 711, at most 
two nodes in V \ V. It follows that the number of nodes in V \ V contained in all 
the components of type (ii), (Hi) and (iv) is also CJ(|H|). Finally, observe that each 
node in a component of type (i) is matched by Ad with a node contained in some 
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component of type (ii), (in) or (iv), so the number of nodes in V \ V contained 
in components of type (i) is also 0(|V|). Hence we have \V\ = C?(|V|) and the 
theorem follows. □ 

The previous results (Theorems 77 and 712) show that, given a quasi-line graph 
G(V,E ), a canonical stable set S, an S'-matching M and a weighting vector w, 
we can produce in (H(|V| 2 ) time by a sequence of liftings (S-liftings), a canonical 
stable set S, an S'-matching M and a weighting vector w which are, respectively, 
the extensions of S, M and w in a basic quasi-line graph G(V, E) with respect 
to M. The graph G has the property that V D V, \V\ = 0(|V|) and that each 
connected component of G — M is either an Af-clique or a {claw, net}-free graph. 


8 Conclusion 

A claw-free graph H is basic if there exists a matching M (basic matching of 
H) such that each connected component C of H — M which is not an Af-clique 
satisfies \V (M)C\C\ < 2 and is either a {claw, net {-free graph or a(C\V(M)) < 3. 
The results of the last two sections show that a claw-free graph G(V,E) with a 
canonical stable set S, an S-matching M and a weighting vector w can always be 
lifted to a basic claw-free graph G with a canonical stable set S, an 5-matching 
M and a weighting vector w such that .S', M and w are the extensions of S, M 
and w, respectively and M is a basic matching of G. 

Now, by applying the construction proposed by Faenza et al. [1] we can replace 
each connected component of G — M which is not a clique by a suitable “gadget” 
and produce a new graph H and a weighting vector wh with the property that 
H is a line-graph. Hence, we can compute a MWSS S)j of H with respect to the 
weighting wh in C>(|y| 2 log(|V|)) time by using a standard matching algorithm. 
A MWSS S* of G is easily obtainable from S. 

As to the overall complexity, observe that computing the weighting vector wh 
requires the solution of four MWSS problems in each connected component C of 
G — M. This can be done in 0{\V{C)\^/~(\E{C)\)) time if C is a {claw, net {-free 
graph with a(C) > 4 ([8]) and in 0{\E(C)\ log(|V(C')|)) if a(C\ V(M)) < 3 ([7]). 

In conclusion, one can produce in time C7(|y| 2 log(|V|)) a MWSS of a claw-free 
graph G(V, E). 
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